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Abstract. We prove that in a finite 2-group with no normal Abelian subgroup of
rank =3, every subgroup can be generated by four elements. This result is then used
to determine which 2-groups T with no normal Abelian subgroup of rank =3 can
occur as Sy’s of finite simple groups G, under certain assumptions on the embedding
of Tin G.

Introduction. In view of the Feit-Thompson theorem (namely, that all finite
groups of odd order are solvable), it is natural to classify and search for finite
simple groups by considering the structure of a Sylow 2-subgroup and its embedding
in the group.

There are comparatively few 2-groups with no normal Abelian subgroup of rank
2—such a 2-group must be cyclic, dihedral, semidihedral, or generalized quaternion.
Of these, only dihedral and semidihedral groups can (and do) occur as Sylow 2-
subgroups of simple groups (Brauer [4, Theorem 2, p. 321]). However, there is a
greater range of 2-groups with no normal Abelian subgroup of rank 3; this paper is
part of a project to determine which such 2-groups can occur as Sylow 2-subgroups
of simple groups.

The first result is a theorem about 2-groups with no normal Abelian subgroup of
rank 3 (apart from questions about simple groups). We show that every subgroup
of such a 2-group can be generated by four elements. This is best-possible; in fact,
there are 2-groups satisfying the hypothesis and having elementary subgroups of
rank 4. Analogs of the four-generator theorem for odd primes are more restrictive;
for instance, if p is odd and P is a p-group with no normal Abelian subgroup of
rank 3, then every subgroup of P can be generated by three elements (Thompson;
Huppert [9, Satz I11. 12.3, p. 343]) and every Abelian subgroup of P can be generated
by two elements (Feit and Thompson [6, Lemma 8.4(i), p. 797)).
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We then suppose that T is a 2-group with a normal Abelian subgroup of rank 2
but none of rank 3; T% Dg; and T is a Sylow 2-subgroup of a simple group G. It
then follows (Thompson [10]) that T has exactly one normal four-group, say W.
We work out all the possibilities for T, using constructive methods together with
fusion arguments, under each of the following additional assumptions:'

1. [Ng(T):C(T)] is divisible by odd primes (so that T admits an automorphism
of odd order).

2. [Ng(T):Cy(T)] is a power of 2, and the three involutions of W are all fused
together in G. (Then Cr(W) is a maximal subgroup of T and admits an auto-
morphism of order 3.)

If we assume [Vg(T): Ce(T)] is divisible by odd primes (Theorem 1), we find that
3 divides [Ng(T):C(T)), and: If Ng(T)/Ce(T) contains a subgroup of order 3
which centralizes W, then T is isomorphic to the Sylow 2-subgroup of the Janko-
Hall and Janko-Higman groups; also G has either one or two conjugacy classes of
involutions, and if two, it is determined which fusions of T-classes of involutions
take place in G. (The Janko-Hall group has two classes of involutions and the
Janko-Higman group has one.) If Ng(T)/C4(T) contains a subgroup of order 3
which does not centralize W, then T is either a four-group or is isomorphic to the
Sylow 2-subgroup of PSUj; (16).

If we assume [Ng(T):C4(T)] is a power of 2 and the involutions of W are all
G-conjugate (Theorem 2), we find that: Either T is isomorphic to the Sylow 2-
subgroup of PSL;(q) for g=1mod 4 (that is, T>~Z,r\| Z, for r=2); or
T=<KZ,r Z,, z) where z either inverts the base group or raises it to the power
—1427-1; or T is a certain group of order 28.

Finally we prove what may be regarded as a sort of converse to Theorem 1;
namely, that any simple group G with a Sylow 2-subgroup T isomorphic to the
Sylow 2-subgroup of the Janko-Hall and Janko-Higman groups, must have
Ng(T):Cx(T) divisible by odd primes.

NoTATIONS. Let X be a group. We write Z(X) for the center of X, and ®(X) for
the Frattini subgroup of X; and Aut (X), Inn (X) for the groups of automorphisms,
respectively inner automorphisms, of X. SCN (X) means the set of self-centralizing
normal Abelian subgroups of X; SCN,, (X)={4 € SCN (X) : rank 4 =n}.

If Y is any subset of X, and f'is any function on X, we write |y for the restriction
of fto Y.

If X3, ..., X, are subgroups of X with X=X;2=X,=---2 X, and X;,, normal
in X; for i=1,...,n—1, the stability group of the chain X;=---= X, means
{ee Aut(X) : X=X, for i=1,...,n, and « acts trivially on X;/X;,, for
i=1,...,n—1}

An involution of X is an element of order 2 in X.

If x, h € X, we write [h, x] for h~*x~1hx, and h* for x~'hx. x and y € X are said
to be fused in X if there is g € X with x?=y.

If X and H are subgroups of some group, we write
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Nx(H) ={xe X: H* = H},
Cy(H)y={xeX:h*=h forevery he H},
Cyx(h) ={xeX:h*=h forheH.

Ax(H) means the group of automorphisms of H induced by conjugation from X;
thus Ax(H)~ Nx(H)/Cx(H). H < X means H is a normal subgroup (not necessarily
proper) of X.

If X and Y are groups then X< Y means X is isomorphic to a subgroup of Y,
for instance, if H=< G are groups, then No(H)/Cs(H < Aut (H)).

If G is a p-group, then Q,(G) means the subgroup of G generated by the elements
of order <p"; U™(G) means the subgroup generated by the p"th powers of the
elements of G.

Z, respectively 2} denote the symmetric and alternating groups of degree n.

E;r denotes an elementary Abelian group of order 2'.

1. A theorem on 2-groups with no normal Abelian subgroups of rank 3.
1.1. Useﬁfl *standard results.

LeMMA FA. Let P be a p-group, and let C,D be normal subgroups of P with
C< D and C Abelian. Then there is K € SCN (D) with C<K and K] P.

Proof. Take a subgroup K of P such that (i) C< K=< D, K< P, and K Abelian.
(ii) X is maximal subject to (i). Then Cp(K) < P. If Cp(K) > K, there is a subgroup
R of D with Cp(K)Z R> K, [R:K]=p, and R < P. R is Abelian since R contains
centrally a subgroup of index p. But then R satisfies (i), contradicting the maximality
of K.

LemMA FB. If G is a 2-group, then ®(G)=<{g? : g€ G).

Proof. In general, the Frattini subgroup of a p-group is generated by its squares
and commutators. If x, y € G, then

1 =(xy)? = xyxy = x*x~ %~ 'xy = [x,y] mod<{g?: geG).
Therefore [G, G]={g? : g € G), and the result follows.

LemMma FC. If G is a 2-group and T, N are subgroups of G such that T normalizes
N, then ©(TN)={®(T), ®(N), [T, N]).

Proof. ForteT,neN,
(tn)® = tntn. = t% ~'n?*n~tn = [t,n] mod <V(T), ®(N)>.

The lemma follows from Lemma FB.

For the next lemma we need to observe a few things about the characters of
finite Abelian groups. If G is a finite Abelian group, the irreducible complex
characters of G are simply homomorphisms from G to the multiplicative group of
the complex field. If A is such a homomorphism, and g € G, we may write the value
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of X at g as (g, A>. The set of such homomorphisms becomes an Abelian group,
denoted by G*, if we define the product of A and p by {g, Aud>={g, A)>{g, u.

(i) G*~G.

Proof. Write G=G, x - - - x G, as a direct product of cyclic groups. Then for
A e G*, the restriction A; of A to G is an element of G¥. If \,=1 for each i, then
A=1. So the map »: A — (A, ..., A,) is an injection of G* into G¥ x - - - X G¥.

However, |G*|=number of conjugacy classes of G, =|G|; and for each i,
|G¥|=|Gi|, hence |G¥x ---xG¥|=|G¥|x - x|GE|=|Gy|x --- x|G,|=|G|. So
7 is an isomorphism of G* onto G¥ x - - - x G¥. So it will suffice to show that G}~ G,
for each i, i.e. to show that G*~G if G is cyclic of order n say.

Let w be a primitive complex nth root of 1, and let G={g>. Then (g, \>=w
determines an element of G*. (g, A*»)=w? and so A, A% ..., A*=1 are distinct
elements of G*. Moreover, any element of G* must send g to some nth root of 1;
so A, A%, ..., A" exhaust G*. So G* is cyclic of order n, as desired.

(ii) If H=<G for finite Abelian groups H and G, then each linear character of H
can be extended to one of G.

Proof. Let A e H* and let u be an irreducible constituent of A¢=the character
of G induced by A. (A%, u)=(A, p|x) by Frobenius reciprocity. So A is a constituent
of u|y. But A and p are both linear, hence A=p/|y; i.e., p extends A.

(iii) If G is a finite Abelian group, then the correspondences

N5 eG* : kerA2 N}

0
(Intersection of the kernels of the A € 4) «— A4

between subgroups of G and G*, invert one another, so define a one-one corre-
spondence. Moreover, if N <> 4, then N>~ G*/A.

Proof. The pairing ( , > between the two Abelian groups G and G* treats G
and G* symmetrically; more precisely, G plays the same role to G* with respect to
<, > asdoes G* to G. The correspondences ¢ and 6 can be rephrased:

N xeG*: g A = 1 forall ge N}

0
{geG:{g, Ay =1forall Ae 4} < A.

Thus it is clear that ¢ and 8 are abstractly the same. So if we show fp=1 (i.e., for
every subgroup N of G, 8(p(N))=N), we will also have shown @f=1.

We now show 0p=1. Let M=60(p(N)); M= N. If M> N, then M/N has a non-
trivial linear character A. By (ii), there is a linear character p of G/N whose
restriction to M/N is \. We may view p as a character of G, with N<ker u. Then
p € o(N); but MEker p, so M & 0(p(N)).

Given a subgroup N of G, let A=¢(N). Two elements of G* are congruent mod A
if and only if their restrictions to N agree; so G*/A~ G*|y. By (ii), G*|y=N*. Also,
by (i), N*= N; so N~ G*/A, as claimed.
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Now let G be an arbitrary finite group. The set of linear characters of G acts on
the set of all characters of G, by multiplication: for A linear and y arbitrary, x — xA.
For y an arbitrary character of G, define

V) = e D x(E):
Gl s

Then (Feit [5, Vol. 1, p. 24]) >, V(x)x(1) (where x runs over all the irreducible
characters of G) is the number of elements of G whose square is 1.

(iv) If A is linear and A2=1, then V' (xA)=V(x).

Proof. V(x2)=(1/|G|) 2, x(*)A(g?); but A(g%)=A(g)*=1 since \*=1.

(v) If x is any irreducible character of G, N is a normal subgroup of G, and x
vanishes on G— N, then [G: N]=x(1)%.

Proof. 1=(x, x)e=(N[/|G|)x|n> x|n)~. By Clifford’s theorem, x|y=a >, 6
where the §; are G-conjugate and so all of the same degree. So

(lns xIW)n = @® = a®t® < (at(deg 6,))* = x(1)>
Hence 1 <(|N|/|G|)x(1)?, as desired.

Lemma FD. If G is a 2-group with [G:D(G)]1=2%**1, then 3, V(x)x(1)
=0 mod 2¥** (the sum ranging over all irreducible characters x of G).

Proof. For each y, V(x) is an integer (Feit [5]); so we need only consider the x
with degree <2%.

Suppose x(1)=2¥"¢ (e=0). A=(G/P(G))* acts on the irreducible characters of G
by A: x — xA. We will show y is in an orbit of size =2¢*!, and then Lemma FD
will follow from (iv).

Let C be the subgroup of A4 fixing x; then the size of the orbit containing y is
[4:C]. Let N be the intersection of the kernels of the A € C. Then for g ¢ N, there
is Ae C with X(g)#1, but A(g)x(g)=x(g); hence x(g)=0 for all g ¢ N. So by (v),
x(1)22[G:N]. But [G:N]=|C| by (iii). So

|C| £ x(1)2 = (2k~¢)2 = 22k~2e;

hence [4:C]Z2 2@+ -@k-20)-)2e+1> 9e+1 a5 desired.
1.2. Proof of the theorem.

FOUR GENERATOR THEOREM. Let G be a 2-group with no normal Abelian subgroup
of rank 3. Then every subgroup of G can be generated by four (or fewer) elements.

Proof of four genérator theorem. Assume false and let G be a counterexample of
minimal order.

(1) If G has a subgroup T with [T:®(T)]=2° (i.e., T requires more than five
generators), then G has a subgroup U with [U: ®(U)]=2°.

Thus to prove the theorem, we need only show G has no subgroups T with
T d(T)]=25.
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Proof. Choose T so that [T:®(7T)]=2° and |T| is minimal subject to this con-
dition. There is a subgroup U of T with [U: ®(T)]=25. If ®(U) is proper in O(T),
then [U: ®(U)]= 28, which contradicts the minimality of |T7|.

(ii) If G has a cyclic subgroup K of index <23, then G has no subgroups T with
[T:®(T)]=25.

Proof. For such a T, 222 [G:K]=[T:T N K]=2%, the last inequality because
T/®(T) is elementary of rank 5, and T N K is cyclic so can project onto at most a
subgroup of order 2 in T/®(T).

(iii) G has a normal four-group, W say.

Proof. If not, G is cyclic or is a 2-group of maximal class (Blackburn [3, Theorem
1.1, p. 3]). So G contains a cyclic subgroup of index 2 (Blackburn [2, Theorem 3.4,
p. 68]). This contradicts (ii) since G is a counterexample to the theorem.

(iv) W is the only normal four-group of G.

Proof. Let X be a normal four-group of G, X#W, [X, WIlcsXnW. If X
centralizes W then XW is a normal Abelian subgroup of order =8, and is ele-
mentary since generated by involutions; so G has a normal Ej, contrary to hypoth-
esis. So [X, W]=X N W is of order 2, and D= XW2 Ds.

G stabilizes the two chains X>X N W>1 and W>X N W>1, so stabilizes
D> ®(D)> 1. The stability group of D> ®(D)>1 is just Inn (D); so G=DC¢(D).
Write C=C¢(D); [G:C]=4.

If Yis a normal four-group of C, then ¥ <I G and Y# W and Y centralizes W, so
YW is a normal Eg or E;¢ of G. So C has no normal four-group. The argument of
(iii) (applied to C instead of G) shows that C has a cyclic subgroup K of index 2;
thus [G: K]=38, contradicting (ii).

(v) W=(G).

Proof. If not, let M be a maximal subgroup of G with W¢ M. By Lemma FA
(with C=1), there is K€ SCN (M), K< G. Q,(K) < G and Q,(K)# W, so K is
cyclic by (iv), of order 2¢ say. M/K <> Aut(K). |Aut(K)|=2*"! and so
|M|<2%28-1=22-1,

If |G|=32 and G has a five-generator subgroup, G itself is elementary, so
SCN; (G) is nonempty. So |G| =64, |[M|=32. So 2°<2%-1; 552¢—1;3<¢.

We will show [M:K]<2; then [G: K] <4, which contradicts (ii).

Suppose M > K. Let R be a subgroup with M= R> K and [R:K]=2. R is non-
Abelian since K € SCN (M). For £2 3, there are four non-Abelian 2-groups with
cyclic subgroups of order 2¢ and index 2; they are dihedral, semidihedral, generalized
quaternion, and P(¢), where P(¢)={c, k: k of order 2, c of order 2, cke=k**+2*"").
P(£) has exactly three involutions, which (together with 1) constitute a characteristic
four-group.

Let R be a subgroup with M= R> K, [R:K]=2, and R < G. R either centralizes
or inverts ¥ 1(K) (which is of order 24). If R centralizes ¥ }(K), then R~ P(£), and
its characteristic four-group is normal in G and contained in M, so # W, contrary
to (iv). So R inverts U Y(K).
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Suppose [M:K]1=4. Let S,R be subgroups with M=S>R>K, [S:R]=2,
[R:K]1=2, S,R G. If S/K is cyclic, then R/K induces on ¥ (K) the square of the
automorphism induced by S/K. But R inverts 0 1(K) and inversion is not a square
in Aut (01(K)). So S/K is a four-group. Two of the three subgroups properly
between S and K invert ¥'(K) and the third centralizes © *(K). G permutes these
three subgroups, so must normalize the one which centralizes ©1(K), contrary to
the preceding paragraph. So [M:K]=<2, as desired.

(vi) Suppose N is a normal subgroup of G which contains W and centralizes W.
Then [N: O(N)] <24

Proof. If [N: ®(N)]= 25, then the number of elements of N whose square is 1 is
=0 mod 8, by Lemma FD. In particular, N— W contains involutions. Since W is
central in N, the involutions of N— W are partitioned into cosets of W; each such
coset uniquely determines an Eg of N which contains W. So the number of such
Eg’s is (8k—4)/4 (where 8k is the number of elements of N whose square is 1).
(8k—4)/4=2k—1, an odd number. N < G, so G permutes these Eg’s by con-
jugation. G is a 2-group, so must normalize one of these Eg’s.

(vii) If W is central in G, then |G| =28. .

Proof. Since every maximal subgroup of G contains W, G and all its maximal
subgroups are four-generator groups by (vi). So if |G| <28, we must have |G| =27
and some subgroup T of index 4 in G is a five-generator group, therefore elementary.
Let M be a maximal subgroup of G with T< M. M={m, T) where m¢ T, m?>e T.
So m induces on T an automorphism X of order 2. Regard T as-a vector space over
the field of two elements. Then in the ring of linear transformations of T,
0=X2-1=(X-1)% So

Ker(X—1) 2 Im(X-1)

II H

Cr(m) [T, m].

But Dim (Ker (X—1))+Dim (Im (X—1))=Dim (T)=5. So |Cy(m)| = 23.

M is non-Abelian; for otherwise {(m2)=®(M) is of order =<2 and so
[M:®(M)]=2° contradicting (vi). Therefore Z(M)=Cym) <G, so G has a
normal Es.

Case 1. Some maximal subgroup M of G has SCNg (M) nonempty. W< M by
(v). M has a normal Ej, E say, such-that E2 W. For if X is any normal E; of M, X
acts on W and |C(W)|24; also C(W) < M; so if W& C (W), replace X by a
suitable Eg of WC. (W).

ESZG. Let H=E*forge G—M. ENn H=W. Write V=EH; then V= Dgx Z,
and V<1 G.

Take e, h e G with E={e, W), H={h, W). Write f=eh. Then f>=w generates
®(¥) and so is central in G. F={f, W) is normal in G since it is the only Z, x Z, of
V. Take w, € W such that W=<{w, w;).
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Let C=Cg(¥V); C < G. By Lemma FA, there is Be SCN (C) with B2 W and
BdG.

(viii) B does not contain w as a square.

Proof. Suppose x € B, x2=w. Then x € Qy(B). K=Q,(B)F is a normal Abelian
subgroup of G. K contains the three involutions of W and also the involution xf.
So |Q,(K)|=8 and Q,(K) 1 G.

Therefore B=<{b> x {(w) for b of order 2™, m=1.

Aut (V). V can be presented as {f, e, w, : f*=1, e*=1, efe=f"1=fw; wi=1,
w, central) where <{w)=®(¥V).

Any set of elements x, y, z of ¥ such that (1) x is of order 4 (there are four
such x), (2) y is a noncentral involution of V (there are eight such y), (3) zis a
central involution .of ¥ other than w (there are two such z) will have: x, y, z
generate ¥ and satisfy the same relations as those given above for f; e, w;. So the
automorphisms of V correspond one-to-one with the choices for x, y,z. So
|Aut (V)| =4-8-2=64.

Let automorphisms of ¥ be defined as follows:

f—fw; e, w, — selves.
f, wy — selves; e — ew.
f—fwy; e, w, — selves; h — hw;.
f, wy — selves; e — ew,; h — hw,.

N S v ™ R

f, e — selves; wy — ww,.
0: f, wy — selves; e — fe.

Then « and B are the inner automorphisms induced by e and f respectively.
<a9 B, fa 77>; E16'

{ centralizes « and B; {~*¢{=qaf, {"nl=PBn; (2=1.

0 'ab=af, 6-1BO=P; 0-1£0=_n, 67 nf=n; [0, L]=1; 62=8.

Write Out (V) for Aut (V)/Inn (V). Then Out (V)=<7, §, 0> x({>>DsgxZ,
with {(7) as derived group.

The subgroup of Aut(¥) which sends each of E and H to themselves is
{Inn (V), &, 9, £>. The subgroup of Aut (V) which fixes W elementwise is
{Inn (V), &, », 6>. The subgroup of Aut (V) which fixes elementwise the quotient
VI<{w) is {dnn (V), .

Case 1.1. m=1. l.e. B=W. W is central in C, so WeSCN (C) = C=W. So
G/W <> Aut (V); hence |G| £4-64=25.

(ix) In Case 1.1, suppose 7,, {, € G induce (by conjugation) the automorphisms
7, { on V; suppose x, y € V. Then [xn,, y{;]=fmod W.

Proof.

[xn0, ¥8o] = [x")o,, Lollxmo, ¥F
= [x, Lol"[nos Lollx, ¥YI™[mo, ¥I
= (x~2x%)"[no, Lollx, YT*(y ")
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Since [V, {]=<w) and [V, n]={w,), we have
[x70, ¥8o] = [10, o] mod W.

But in Aut V, [, {]=8; so in G, [n,, {o]=f mod Ce(V)=W.

Let T be a five-generator subgroup of G, i.e., [T: ®(T)]=25. Then 2°<|T| =28,
[T: TN V]=[TV:V]<|Out (V)|=16.

Case 1.1a. Tis elementary of rank 5. [T: TN V]Z16 = [T N V]Z2. TN Vis
elementary ; the only elementary subgroups of ¥ are the subgroups of E and H, so
TNV<Eor H. '

Suppose |TN V|=8. Then TN V=E or H, and T/TN V=E, Now T
normalizes T N V, so Ary(V)<<Inn (V), &, 1, {>; also T centralizes W, so Ay (V)
=<Inn (¥), &, ). But

E,~TITOV ~ TV|V — (& 7.

Since (¢, 7> is a four-group, we must have A;,(¥)=<Inn (V), & 7). So T contains
an element xn, where x € V and 7, € G induces the automorphism » on V.

[e, xno) = [e, 0] mod (w) = e~te" = w;.
[hs x’?o] = [h, ")o] mod wy = h-i1pn = wi.

So whether T N V is E or H, ®(T) contains an element congruent to w; mod {w);
but T was elementary. '
Suppose |T N V|=4. Then

Es > TITO\V = TV|V <> Out (V) = DyxZs.

Out (V) has two Eg’s, namely <§, 7, {> and <6, 7, {>. So T must contain elements
Xm0, ¥Lo Where 7, {o € G induce 5, { on V, and x, y € V. But then ®(T)#1 by (ix).

Suppose |T N V|=2. Then

EgTITNVTV/V—O0ut(V)~ DgxZ,,

which is impossible. Therefore Case I.1a is impossible.

Case 1.1b. |T|=2° and |®(T)|=2.

[T:TNnV]=16 = |TNnV|24.

Suppose T2V. Then ®(T)=<w)> and so T/Vx~E,. Also A;(V) centralizes
VI<{w), so Ax(V)=<Inn (V), {>. So

E,x2T|V— K&~ Z,,

which is impossible.

Suppose |[TNn ¥V|=8. Then TNV is a maximal subgroup of V, so is
E, H, F={f, W), or one of four Dg’s of V. If TN V is not elementary, then
D(T)=<w) and so T/T N V is elementary; so

Es>TITNVxTV/V>O0ut(V)~ DgxZ,.

Out (V) has two Eg’s, both of which contain 4 and {. So T contains elements
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xn0, Lo as in (ix). Therefore by (ix), ®(7’) contains an element of order 4. But this
contradicts |®(T)|=2. If T N V is elementary, then TN V=E or H. T normalizes
TN V,so A(V)<<Inn (V), ¢, 3, {. Therefore

VIV <<€, .

But [TV:V]=[T: Tn V]=8. So A,(V)=<Inn (V), £, 5, {> and T contains ele-
ments xn,, ¥, as in (ix); so by (ix), ®(T") contains an element of order 4, contrary
to |D(T)|=2.

Suppose |T N V|=4. Then

16 =[T: TN V]=[TV:V] = Out (V).

So Ary(V)=Aut (V).

We show TN V=W. For T normalizes TN V. If TNV is cyclic then
TN V={f> or {fw,). However, T contains an element x§,, where x € V, and
&o € G induces the automorphism ¢ of V; and x£, exchanges the two subgroups
>, Sw of V. So TN Vis elementary and so TN VS E or H. T contains an
element x6,, where x€ V, and 6, € G induces the automorphism 6 of V; if
T N V<E W, then x8, would not normalize T N V since x8, exchanges F and H.

T contains an element x{,, where x € ¥, and {, € G induces the automorphism
L of V. So ®(T) contains [wy, x{o]=[w1, {o]=w. So ®(T)={(w), and so T/T N V'is
elementary. But

TITNV > TV]V ~Out(V) ~ DgxZ,.

Therefore Case 1.1b is impossible.

Case L1c. |T|=2" and |®(T)|=4.

[T:TNnV]S16 = |TN V|8

Suppose T= V. Then [T: V]=8 and so A(V) is a maximal subgroup of Aut (V);
and A;(V) contains Inn (V). Every maximal subgroup of Out (V) contains 7; so
T contains an element 7, which induces  on V. Then ®(T) contains [e, 7]
=e~le"=w;. Also O(T)2D(V)=<{w). So ®(T)=W, and T/Vx~Es. Out(V)
contains two Eg’s, both of which contain (7, {>. So T contains elements 7o, {,
inducing 7, { on V; by (ix), ®(T)=2{f, W>. This contradicts |D(T)| =4.

Suppose [T N V|=8. Then

166=[T:TNnV]=I[TV:V]

and so Ay (V)=Aut (V). T contains elements x7,, y{, as in (ix), so by (ix), ®(7T)
contains an element of the coset fW. So |®(T) N V|24; hence ®(T)<V, and
T/T N V is elementary. But

TITAV > TV/V = Out (V) = DgxZ,.

Therefore Case 1.1c is impossible.
Case 1.1d. |T|=2% and |®(T)|=8. Then T=G and G induces all of Aut (¥) on
V. ®(G)= W by (v). Also G contains 7,, {, inducing 5, { on V¥, so ®(G)=2{f, W) by
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(ix); By hypothesis, |®(G)| =8; so ®(G)={f, W) and therefore G/V is elementary.
But
G/V ~ Out (V) ~ DgxZ,.

Therefore Case I.1d is impossible.

Case 1.2. m=2. Then (b?*>=0*(B) < G, so b? is central in G. So W=<w, b%) is
central in G. We may take w; =b? in our computation of Aut (V).

C/B acts faithfully on B and stabilizes the chain B> W>1, so is at most ele-
mentary of order 4.

(x) In Case 1.2, ®(C)< W; and hence

O(CV) = O(C)D(V) since C centralizes V
w.

Proof. By Lemma FB, it suffices to show x2 € W for all x € C.

B2 W. Let xe C, x ¢ B. x% € B since C/B is elementary. Now Cg(x)= W since
x induces a nontrivial automorphism € the stability group of B> W>1. x
centralizes x?, so x2e W.

(xi) In Case 1.2, [C:B]=<2.

Proof. If [C:B]=4, then [CV:®(CV)]=2°%; and C¥V < G. But this contradicts
(vi).

Case1.2.1. C=B.Then |CV|=32. Wis central in G, so |G| Z 28 by (vii), and also
_ Ag(V)sdnn (V), &, 7, ). G/CV < Out (V). So we must have |G|=2°% and
Ag(V)=<Inn (V), £, n, 6).

If T is a subgroup of G with [T: ®(T)]=25, then by (v) and (vi), |T|=25° or 2°
and |®(T)|=1 or 2. Since H(CV)=W, T2CV.[T: TN CV]=[TCV:CV]<28

Case 1.2.1a. T is elementary of rank S. [T: TN CV]=23 = [T CV|222
Since CV — V contains no involutions, the only elementary subgroups of CV are the
subgroups of E and H. So TN CV<SE or H.

Suppose T N CV=EFEor H. Since T normalizes T N CV, Arcy(V)<<Inn (V), &, 7).
But 4=[T: TN CV]=[TCV:CV] and so Acy(V)=<Inn (V), &, 9). So T con-
tains an element x7,, where x € ¥, and 7, € G induces the automorphism 7 of V.

le, xno] = [e, 7] mod (w) = e~le" = w,.
(7, xno] = [k, no] mod (w) = h~*h" = w,.

So whether TN CV'is E or H, ®(T) contains an element congruent to w; mod <{w);
but T was elementary.
Suppose |[T N CV|=4. Then

Ey = TIT A CV = TCV|CV <> (£, 7, 65 = D,

which is impossible. So Case 1.2.1a is imposéible.
Case 1.2.1b. |T|=2° and |®(T)|=2.

[T:TNCV]<2®=|TNCV|28, T=2CV=|TNnCV| <16
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Suppose |T N CV|=16. Then T N CV is a maximal subgroup of CV, so is the
inverse image in CV of one of the seven hyperplanes of CV/W. If we write CV for
CV/W, then CV=<b, f, & and the seven hyperplanes are:

1. <b,f>
- <b.je>
<b, &>
. <bf, &

. <Bf, ef>
. <be,f>

7. L&, fr=V.

The Frattini subgroups of their inverse images are:

1. KB, =W

2. {wyd

3. {wyd

4. L(Bf ) [bf, eD =<wmw, wy=W

5. W

6. {(be)?, [be, fI>= <w1, w)=

7. {wd.

Since |®(T)| =2, we must have T N CV={b, ¢f, W> or<b,e, W) or V.

If Tn CV=V, then ®(T)=<w), and

E, ~ T/T N\ CV = TCV|CV <> (£, §, 0> ~ Ds.

AU AW

Every four-group of (¢, 4, 8> contains 4; so T contains an element xn,, where
xeCV, and 7€ G induces the automorphism n on V. Then ®(T) contains
[e, xn01=1e, 7o] mod {w)=w; mod <{w). So ®(T)= W, contrary to |O(T)|=2.
Therefore TN CVis <b, E) or <b, HY; ®(T)=<{w;).
T normalizes TN V=F or H; so Apcy(V)<<Inn (V), & 7). Also

4=[T:TNCV]=[TCV:CV]> < 7);

50 Arcy(V)=<Inn (V), &, 1> and T contains elements x§,, yno, Where x, y € CV,
and &, 7o € G induce £, 7 on V.

If TN V=E, then ®(T) contains [e, x&]=][e, &]le, x1*=[e, x]*=w or 1, ac-
cording as x does not or does centralize e. Also ®(T') contains [e, yn,]= e, nolle, y]"
=w,[e, y]"=w,wor wy, according as y does not or does centralize e. But &(T)={w,),
so x and y must centralize e. Ccoy(e)=<B, E)=T N CV; so we may take x=y=1.

If TN V=H, then ®(T) contains the elements

[h, x&0] = [h, &]lh, x)* = wyw or wy
(A, ynol = [h, nollh, y]" = wiw or w,

according as x, y do not or do centralize A. Since O(T)={w;>, x,y € Cey(h)
={B, H>=T n CV; so again we may take x=y=1.
So T=<b, w, e or h, &y, no>; P(T)=<{w).
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Consider R={B, &y, noy. G=<R, V, 8,> where 0, € G induces § on V. Now
{Inn (V), &, 7> is an Abelian subgroup of Aut (V); therefore in G,

[V,él=[V,m0] =V, émol =1 mod B = Cg(V).

Also [£y, no]=1 mod B. So the three subgroups <B, &>, (B, noy, {B, €umoy of R
all normal in RV.

We consider the action of G on these three subgroups. B < G. In Aut (V),
[n, 61=1 and [¢, 6]=19; so in G,

[70, 8ol =1 and [£, 6] =, mod B.

Therefore 8, normalizes R and {B, 7., and exchanges {B, &,> and {B, £mo).

Since O(T)=<w;)=<b%), n, either centralizes or inverts b. If 5, centralizes b,
then <{B, 7, is Abelian of order 16 and exponent 4 and has Frattini subgroup of
order 2; hence Q,(<B, 7o>)~ Eg and is normal in G. Therefore 7, inverts b.

Also &, and &7, either centralize or invert b. So of the three elements £, 1,0, and
£6mo, two must invert b and one must centralize . The one centralizing b will (with
B) generate an Abelian group, the others will generate non-Abelian groups. Two
of these groups are G-conjugate and the third normal in G; so the Abelian one must
be (B, 7o), contrary to the above. Therefore |7 N CV|#16.

Suppose |T N CV|=8. Then

8 =[T: TN CV]=[TCV:CV] = [G:CV],

so TCV=G and T/TN CV>TCV/CVx Dg. Therefore ®(T)ET N CV. Since
|O(T)|=2, H(T)N(TNCV)=1 and so TN CV is elementary, so <E or H.
|TNCV|=8,s0 TN CV=FE or H. But T contains an element x6,, where x € CV,
and 6, € G induces § on V; x6, exchanges E and H. This is impossible since
TNnCVdT.

Case 1.2.2. [C:B]=2. Then Z(C)=W; ®(CV)=D(C)D(V) (since C centralizes
VY=W; Z(CV)=W. |CV|=64. By (vii), |G| 2 28; hence [G:CV]24.

G normalizes CV and W, so acts on CV/W.

(xi) In Case 1.2.2, Cx(CV/W)=CV.

Proof. If not, let R be a subgroup of G with Co(CV/W)2R>CV, [R:CV]=2,
and R < G. R stabilizes the chain CV'> W > [; the stability group of this chain is
elementary, so ®(R) centralizes CV. But also ®(R)= CV; so ®(R)= Z(CV)=W. So
®O(R)= W, and [R: ®(R)]=25; this contradicts (vi).

So G/CV acts faithfully on CV/W. But C1 G, V< G; so as G-module,
CVIW=(C/W)x(V]/W) is the direct product of two four-groups; so [G:CV]=<4.
Hence [G:CV]=4 and G contains elements A, p inducing the following auto-
morphisms of CV/W': Acentralizes V/Wand bW, and sends cW to cbW for c € C— B;
w centralizes C/W and fW, and sends eW to ef W=hW.

Since [G:CV]=4, |G| =28 By (vi), G and all its maximal subgroups are four-
generator groups. So if G has a subgroup T with [7T: ®(T)]=2°, then either T is
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elementary of order 25 or |T|=2% and |®(T)|=2. Since ®(CV)=W, T2 CV.
[T:Tn CV]=[TCV:CV]<4.

(xii) In Case 1.2.2, if G has a subgroup T with [T: ®(T)]=25, then G has a sub-
group T with [T: ®(T)]=2°% and T2 W.

Proof. Let T be a subgroup of G with [T:®(T)]=2° and |T| minimal. W is
elementary and central in G, so ®(TW)=®(T). If WL T, consider TW; there is a
subgroup L of TW with (®&(T), W)>=<L and [L:®(T)]=2°. Then |L|=|T|; so by
minimality of |T|, [L: ®(L)]=2°.

Case 1.2.2a. T is elementary of rank 5, T2 W.

[T:TN CV]<4 = |T N CV|28.

Suppose |T N CV|=32; then T< CV is the inverse image in CV of a hyperplane
of CV/W=<¢,b,f,&>. Any hyperplane intersects the two-dimensional subspace
<b,f> of CV|W; so |TN<b,f, Wy|28. But <b,f, W>=<b,f>~Z,xZ,; so T is
not elementary.

Suppose [T N CV|=16. Then [T : TN CV]=2, so T contains an element xA,
xu, or xAu for x € CV. If T contains xA, then T/W elementary = (T N CV)/W
S Coyw(X)=<b, V). If T contains xu, then T/W elementary = (T N CV)/W<
Cevw(w)=<f,C». If T contains xAu, then T/W elementary = (T N CV)/W
S Coyw(Aw)=<b, f>. Now <b, V> and {f, C) are of order 32 and <b,f) is of
order 16; so in any of these three cases, T N CV contains a maximal subgroup of
b, f>=Z,xZ,, and so T is not elementary.

Suppose |T N CV|=8. Then [T : T N CV]=4, so T contains elements xA, yu for
some x,yeCV. T/W elementary = (T N CV)/WS Coypwl({A, p)=<b,f>. So
T N CV is a maximal subgroup of <b, f>~Z, x Z,; so T is not elementary. So Case
1.2.2a is impossible.

Case 1.2.2b. |T|=2° and |®(T)|=2.

[T: TN CV]24=|TNnCV|216. .

Suppose |T N CV|=32. Then [T : TN CV]=2 and T contains an element xA,
xu, or xAu for some x € CV.

Suppose xA € T. Then (T N CV)/W< Ceyw(X)=<b, V). For if not, (T N CV)|W
contains éa for some a € <b, V>, and [é@, XA]=5; so ®(T) contains an element of
the coset bW; but this contradicts |®(T)|=2. So TN CV<<b, V, W); since
ITACV|=32, TN CV=(b, V, Wy=<b, V'>. But ®((b, V'>)=W, contradicting
|®(T)|=2.

Suppose xp € T. Then (T N CV)|W< Ceyw()=<é, f. For if not, (T N CV)/W
contains éa for some a € (¢, f>, and [éa, Xa]=f; so ®(T) contains an element of
SfW, contrary to |®(T)|=2. So TN CV=(C,f; but ®(c, f>)= W, contradicting
|(T)|=2.

Suppose xAueT. Then (T N CV)/W<S Copw(Aw)=<b,f>. For if not, then
(TN CV)/W contains one of éa, ea, cea for ae<b,f); correspondingly,
[ca, xA\p)=b, [éa, x\a]=f, [cea, xA\g]=bf; and ®(T) contains an element of bW,
fW, or bf W, contrary to |®(T)|=2.So T N CV<<b,f>, contrary to |T N CV|=32.
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Suppose |T N CV|=16. Then [TCV:CV]=4, so T contains elements xA and yu
for x,yeCV. As above, (TN CV)W<<b,f>, so TN CV=<(b,f>; but
Db, )= W, contrary to |®(T)| =2. So Case 1.2.2b is impossible.

Case1.3. m=23. Let d=b2""%; (d>=0"™"%(B), so {d> < G. d®=w, is central in
G, so W is central in G.

(xiii) In Case L.3, if G has a subgroup T with Frattini quotient of rank 5, then so
does G/{(wy).

Proof. If w, ¢ T, then G/{w;)> contains an isomorphic copy of T. If w, € ®(T), then
T/{w;> has Frattini quotient isomorphic to that of 7. If w, € T but w, ¢ O(T),
then d¢ T; let D={d). &(TD)={D(T), ®(D), [T, D]> (by Lemma FC) =
{D(T), wy. So [TD:®(TD)]=[T:®(T)], and TD/{w;> has Frattini quotient of
rank 5.

So by induction on |G|, G/{w;)> has a normal Eg, say K/<w,>. w{w;> and d{w,)
are central involutions of G/{w,», so we may take K=<{d, W). ®(K)=<{w,)> and K
is of order 16 and exponent 4; so K is non-Abelian because otherwise Q,(K) would
be a normal Eg of G. Therefore Z(K)=W. KN V<G and ®(K N V)s O(K)
NO(V)=1;s0 KN V=W and |KV|=64.

(xiv) In Case 1.3, Z(KV)=W.

Proof. Let a € K, v € W with av € Z(KV). Then av=(av)®=a% since d centralizes
V. So ae Cx(D)=<d, W). Therefore for xeV, av=(av)*=a*v*=av* since
{d, W) centralizes V. So ve Z(V)=W; so ave Z(K)=W.

G acts on KV/W, since KV and W are normal in G.

(xv) In Case 1.3, Ci(KV/W)=KV.

Proof. If not, take a subgroup R of G such that Ci(KV/W)2R> KV, [R:KV]=2,
and R < G. R stabilizes the chain KV > W > 1, and the stability group of this chain
is elementary; so ®(R) centralizes KV. But also ®(R)= KV, so D(R)< Z(KV)=W.
So ®(R)= W and [R: ®(R)]=25; this contradicts (vi).

So G/KV acts faithfully on KV/W. K<1G and V< G; so as G-module,
KVIW=(K/W)x (V/W)is a direct product of four-groups each invariant under G.
Therefore [G:KV]<4. By (vii), |G|228; so we have |KV|=2% |G|=28, and
[G:KV]=4.

G has no subgroups requiring 5 or more generators which contain KV. For by
(vi), G and all its maximal subgroups are four-generator groups; and ®(KV)=W
so KV is a four-generator group.

Let T be any subgroup of G. We will show TKV requires at least as many
generators as T (i.e., [TKV:®(TKV)] = [T: ®(T)]). This will prove that every sub-
group of G is a four-generator group, and so finish Case I.

W is elementary and central in G, so ®(TW)=®(T) and hence TW requires at
least as many generators as 7. So we will be done if we can show that (TW)KV
requires at least as many generators as TW; i.e., we may assume T2 W.

We will now show [TD: ®(TD)]2[T: ®(T)]. For ®(TD)={®(T), 'CD(D), [T, D]
(by Lemma FC) ={®(T), w,>. If TD#T then [®(TD): ®(T)) <2 and [TD:T]=2,
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so [TD:d(TD)]z[T:D(T)]. So we may assume that 72 D, and therefore that
wy € O(T).

We will now show [TF: ®(TF)]=[T:d(T)]). For &(TF)=<®(T), ®(F), [T, FI>
={W(T), w, W)since F, W< G and [F: W]=2. Since w, € O(T), [O(TF): d(T)]
=<2, and the conclusion follows. So we may assume that 72 F, and therefore
that W< &(T).

We will now show [TV:®(TV)]Z[T:®(T)). O(TV)=LV(T), ®(V), [T, V]
<={W(T), F) since V,F<1 G and [V:F]=2. Since W= ®(T), [D(TV): D(T)]<2,
and the conclusion follows. So we may assume 72 V.

We now show [TK: ®(TK)] = [T: ®(T)], which will complete the argument. For
O(TK)={D(T), (K), [T, KI)=<<¥(T),d, W) since K and <d, W><IG and
[K:Kd, W)]=2. Since W= ®(T), [P(TK):D(T)]=2, and the conclusion fol-
lows.

Case 11. Every maximal subgroup M of G has SCN; (M) empty. Every proper
subgroup of G is contained in some maximal subgroup, so is a four-generator
group by induction on |G|. So we need only show G is a four-generator group.

If W is central in G, then G is a four-generator group by (vi). Also W< ®(G) by
(v), so if G is a counterexample to the theorem, then [G: W]=25, so |G| =2".

(xvi) If |G|=2" and W is noncentral in G, then G is a four-generator group.

Proof. Let K=Cy(W); |K|=2%. By (vi) (applied to K instead of G), K is a four-
generator group, so |O(K)|=4. W< ®(G), so if D(K)# W then (P(K), W>< O(G)
= |®(G)| 28 = [G: P(G)] £ 16. So if G is not a four-generator group, we must
have ®(K)=W.

®(K) is generated by the squares of the elements of K (by Lemma FB), so there
is xe K, x¢ W, with x2 a noncentral involution of G (x2€ W). For this x, if
g € G—K then (x9)%2=(x%)#x2, so x?#x mod W. So there are elements a, b€ K
with K={a, b, x, x°>; then G={a, b, x, g>.

Let Q,(Z(G))={(w); we &(G) since W< ®(G). Therefore G/{w) requires as
many generators as G; so by induction on |G|, G/<{w) has a normal Eg, V/{w) say.
V<G, &(V)=<{w), and V is of exponent 4 and order 16. V is non-Abelian since
otherwise E;~ Q,(V) < G.

V> QgXxZ,y, DgxZ,, or Qg o Zs. For if x, y € V have [x, y]#1, then [x, y]=w
and R=(x,y>> Qs or Dg. V=RCy(R). |Cy(R) N R|=2, so |Cy(R)|=4 and
C/(R)~E,or Z, If E,, then V> QgxZ, or DgxZ,; if Z,, then V= Qg o Z,~ Dg o
Z,. ‘

If V~DgxZ,, then G must permute the two Eg’s E and H of V; then
Ng(E)=Ng(H) is a maximal subgroup of G with SCN3 nonempty, contrary to
assumption. So V' Dgx Z,,.

(xvii) In Case II, if V'~ Qg o Z, then G is a four-generator group.

Proof. Write V'=Q o {(z) where z is central of order 4, z2=w, and i,j, ke Q
represent the nonidentity cosets of {(w) in Q= Qg. Then the cosets of {w) in V are
represented by i, j, k; z; zi, zj, zk. The cosets represented by i, j, k are the only
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cosets consisting of noncentral elements of order 4 in ¥V, so these cosets are per-
muted by G; hence Q < G. Q contains three Z,’s—<i>, {j>, and {k)>—which are
permuted by G, so one—say {i>—is normal in G. Also <z>=Z(V) ] G.

Write C=C4(Q). C< G and [G:CQ]=2. If G>CQ then G=<CQ, g> where
j9=k mod <{w).

By Lemma FA, there is B € SCN (C) with B2<z> and B < G. Every such B is
cyclic; for if not, consider K={Q4(B), i>. K is a normal Abelian subgroup of G and
contains the three involutions of Q,(B) and also the involution zi; so Q,(K)<IG and
is of order =8.

Write B=<b)> of order 2%; {22 since z € B. If {=2 then Be SCN (C) = |C|<8
and |G| £64; then G is a four-generator group since W< ®(G). So £=3.

If C=B then CQ=<b, Q>=<b,j, k>, and if G>CQ then G=<b,j, g>. So we
may assume C>B. Let C=R>B with [R:B]=2. R is non-Abelian since
B € SCN (C). The only non-Abelian 2-groups with a cyclic subgroup of index
2 and order 2¢ are dihedral, semidihedral, generalized quaternion, and P({)=
{c, b: b has order 2% c2=1, chc=b'*2*"">. P(¢) has exactly three involutions,
which (together with 1) constitute a characteristic four-group.

Let C= R> B with [R:B]=2 and R < G. R either centralizes or inverts ©(B)
(whose order is =4). If R centralizes ¥ *(B), then R= P(¢) and its characteristic
four-group X is normal in G. W<V, Wt Z(V), and X = C, so X centralizes W and
X#W; so XW is a normal Eg of G. Therefore R inverts U (B).

We now show [C:B]=<2. For if not, let R, S be subgroups of G with
CzS>R>B, [S:R]=2, [R:B]=2, and R,S<G. If S/B is cyclic, then
R/B=(S/B)? so R induces on U *(B) the square of the automorphism which §
induces on ¥ (B); but Rinverts ¥ 1(B) and inversion is not a square in Aut (U !(B)).
So S/B is a four-group. Two of the three subgroups properly between S and B,
invert U1(B), and the third centralizes 0 (B). G permutes these three subgroups so
must normalize the one which centralizes ¥ !(B), but this is impossible.

Therefore C={c, by for ce C—B. CQ={c, b,j, k>; if*G>CQ then G=
{e, bajajg, g>=Xec, b,j’ &> for g€ G—CQ

So if G is a counterexample to the theorem, V=~ Qg xZ,. Write V=0 x<{w;),
where Q~ Qg has derived group <w), and w, € W—{w). Let i, j, k represent the
three nonidentity cosets of <w) in Q. W=Z(V) and V has three maximal subgroups
containing W, namely <W, i}, {W, j>, and (W, k). These are permuted by G, so
one—say {W, i>—is normal in G.

Write C=C4(V). C < G, and by Lemma FA, there is B e SCN (C) with B2 W
and B < G. Now w is not a square in B; for if x € B has x2=w, then x € Q4(B), and
K={QyB), i, W) is a normal Abelian subgroup of G; K contains the three
involutions of W and also the involution xi; so Q,(K) < G and is of rank at least 3,
so contains a normal Eg of G.

So B=<{b)> x {w) where b is of order 2", m= 1. If m>1 then <b*" *>=0""1(B)
<1 G and so W=<{b""", w) is central in G, so that G is a four-generator group by
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(vi). So m=1 and B=W. WeSCN(C) and W central in C = C=W, so
G/W < Aut (V).

Aut (V). An abstract Qg % Z,, with {w) as Frattini subgroup, can be presented
as {x, y, z: x3=w, y?=w, y"Ixy=xw=x"1; z2=1, z central).

Now any a, b, ¢ such that:

(1) a, b are of order 4 and are independent mod the center (there are 12-8 such
ordered pairs (a, b)),

(2) cis a central involution # w (there are two such c)
will generate Qg X Z, and satisfy the same relations as those given above for x, y, z.
So the automorphisms of Qg x Z, are in one-one correspondence with the choices
for a, b, c. So |Aut (V)|=12-8-2=3-64.

We exhibit the following automorphisms of V={i, j, k, w;>:

I, I, I, = inner automorphisms induced by i, j, k. (Then LI; = I,.)
o i, wy — selves, j — jw;, k — kw,.

B: j, wy — selves, i — iwy, k — kw,.

y: k, wy — selves, i — iwy, j — jw;. (Then «f = vy.)

L1 i, j, k — selves, wy — wwy.

0: i, w, — selves, j >k, k —j.

Then {Inn (V), «, B>~ Ei.

{ centralizes Inn (V) and {2=1; {ol =1L, (BL=IP, {yl=1Ly.

6%2=1, 0 centralizes {; 0I,0=1, 0I,0=I,=11,;, 0uf=0c, 0B0=y=0cp.

These automorphisms generate a full Sylow 2-subgroup of Aut (V), namely the
Sylow 2-subgroup stabilizing {W, i) and exchanging {W, j> and {W, k). We have
chosen notation in G so that (W, i) < G, which amounts to saying that 4¢(¥) lies
in this particular Sylow 2-subgroup of Aut (V).

G/W — Aut (V) = [G: W]<64, |G| £28. So by (xvi), |G| =28 and A(V) is the
full Sylow 2-subgroup of Aut (V). So G contains elements «y, By, vo, {o inducing
the automorphisms «, B, y, { on V. Now in Aut (V),

=15, BA=1L [yll=1IL;
hence in G,
[0, Lol = 4, [Bo, Lol = J, [¥0, Lol = k mod Ce(V) = W.
®(G)= W by (v), and so ®(G)2<(W, i, j, ky=V. So |®(G)| 216 and [G: D(G)] <2*.
This finishes Case II, and hence finishes the proof of the theorem.

2. Some useful results for dealing with simple groups. In this section we present
two useful lemmas, and also establish some notation and properties for
Aut (Z,x Z,).

LEMMA A (THOMPSON’S TRANSFER THEOREM). Let G be a finite group of even
order with no subgroup of index 2; let T be a Sylow 2-subgroup of G, and M a maximal
subgroup of T. Let x € G be an involution outside M. Then some G-conjugate of x
lies in M.
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Proof. Consider the representation G* of G as a permutation-group on the set
{My : y € G} of right cosets of M in G. x* is represented by a product of trans-
positions; the fixed points of x* are the cosets My with Myx= My, i.e., yxy~1 e M.
If no yxy~! lies in M, then x* is a product of an odd number of transpositions.
Therefore the intersection of G* with the alternating group on {My : y € G} is of
index 2 in G*, contrary to hypothesis.

LemMA 1 (THoOMPSON [10]). Suppose that T is a Sylow 2-subgroup of a simple
group G; SCNg (T) is empty; and T# Dg. Then T has at most one normal four-group.

Proof. Suppose not, and let 4, B be distinct normal four-groups of T. D={A4, B>
is normal in T. If [4, B]=1, then D is a normal Eg or E,¢ of T; therefore [4, B]
=A N Bis of order 2, and D~ Ds.

T stabilizes the two chains A>A4 N B>1 and B> A N B> 1, hence stabilizes
D>A N B=D">1.S0 T=D o Cy(D); write C=Cy(D). C(D) can have no normal
four-group R since then R4 and RB contain normal Eg’s of T. Therefore by
Blackburn [3, Theorem 1.1, p. 3], C is cyclic or of maximal class; also, |C|>2
since T Dg. A 2-group of maximal class contains a cyclic subgroup of index 2
(Blackburn [2, Theorem 3.4, p. 68]), and is therefore dihedral, semidihedral, or
generalized quaternion; in any case, ®(C) is cyclic. ®(T)=®(CD)=P(C)P(D)
(since C and D centralize each other) =®(C); therefore, the involution z of
D’=C n D is the only involution of T which is a square in T.

(i) If ¢ is an involution, other than z, of T, then C;(t) contains z as a square.

Proof. The involutions of T other than z are:

1. Involutions of D; for t € D, C(¢1)=C and C contain z as a square.

2. Involutions of C; their centralizers contain D and so contain z as a square.

3. Cross-involutions, namely c¢d where ce C—{z), de D—<{z)>, and either
c2=d?=1 or ¢*=d?=z. If ¢*=d?=z then Cy(cd) contains ¢ and d, hence contains
z as a square. If ¢2=d?=1, then C must be dihedral or semidihedral; write

C = <y,g M y2 —_ l’g2° —_ l’y—lgy — g—l respec(ivelyg‘“”"‘}

where a2 3 since C has no normal four-group. Then ¢ € y{g> if C is dihedral;
c € (g% if C is semidihedral. We may alter the choice of notation in C so that
c=y. Then cd is centralized by g2 *f where f is an element of order 4 in D (since
d ¢ (z)). So Cr(cd) contains z, g2*~*f, and d; now {z, g2*"*f) is a four-group, and
[g2*7%, d1=Lf, d]=2z; hence <z, g2*"*f, d>=~ Dy with {z) as derived group and so
is square.

(ii) ‘If t#2z is an involution of T and Cy(¢) contains z as a square, then ¢ is not
fused to z in G.

Proof. If ¢ is fused to z in G, then there is 4 € G such that t*=z and Cp(¢t)"'<T
(by Sylow’s theorem in Cg(2)). Cr(2)" is a subgroup of T which contains z* as a
square; therefore z*=z; but this contradicts t"=z.
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By (i) and (ii), z is not fused in G to any involution of T other than z itself. But
then G cannot be simple, by a theorem of Glauberman (Glauberman [7, Theorem
1]; we shall refer to this theorem as ““ Glauberman’s theorem”’). This contradiction
proves Lemma 1.

Aut (Z,x Z,). Aut (Z,xZ,) is of order 3-32 and contains a characteristic
subgroup B* which is the set of automorphisms fixing Q,(Z, x Z,) (elementwise)
and is also the stability group of the chain Z,x Z,> Q(Z,x Z,)> 1. B+~ E,¢ and
Aut (Z,x Z,)/B*~Z;. So Aut (Z, x Z,) has a subgroup $ of order 3-16 and index
2 which contains all the Sylow 3-subgroups of Aut(Z,x Z,). These Sylow 3-
subgroups are therefore conjugate to each other by elements of B+. Therefore all
the Sylow 3-subgroups of Aut (Z, x Z,) have the same effect on B+ by conjugation.
If o is any 3-automorphism of Z, x Z,, then B+ =Cg+ (o) x [B*, o] where Cs+(0)
and [B*, o] are both four-groups.

Cg+(o) and [B*, o] are characteristic subgroups of Aut (Z, x Z,), so consist of
the same matrices (with integers mod 4 as coefficients) no matter what basis is
chosen for Z, x Z,. These matrices are:

e (g 16 3 (316 0)
R O A N A E

We write Z for the automorphism of Z, x Z, which inverts every element.
Aut (Z, x Z,) has three Sylow 2-subgroups, which in matrix form are

1 1 1 0 0 1
b * b 9y + b b + .
<(0 1)$> <(1 1)’B> and <(1 0)%>
All three of these Sylow 2-subgroups have the same action on Cg+(c) (they
centralize Z=(} J) and exchange (3 %) and 3 %); but they all have different

actions on [B*, o] (they each centralize a different nonidentity element).
For reference, we compute the action of (§ 3) on B+:

01
(1 0).Z—>Z

b 1)~ 1)
G 1)~ )
(o 32 3= (6 1)
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S o R T

3. The case where [(Ns(T):Cs(T)] has odd prime divisors.

Thus

THEOREM 1. Suppose that T is a Sylow 2-subgroup of a simple group G; SCN; (T)
is empty but SCN, (T) is not empty; and T# Dg. Then (Lemma 1) T has exactly one
normal four-group, say W.

Suppose also that some odd prime divides [N(T): C«(T)].

Then 3 divides [Ng(T): C(T)), and one of the following holds:

Case 1.1. Ai(T) contains a subgroup of order 3 which centralizes W. Then
[(NeT):TCx(T)1=3; T is isomorphic to the following group of order 27; and G has
at most two classes of involutions, represented by z, and iv:

W =z, 2z
Cr(W) =<W,i,j, k, t,u,v:<i,j, k) ~ Qg with z, as square,
and {t, u, vy ~ Qg with z,z, as square;

[, t]1 = 1, [j, t] = z5, [k, t] = z3;

[, u]l = z3, [, u]l = 1, [k, u] = za5

[, v] = z,, [, 0] = 25, [k, 0] = D).
T =LKC(W), 7: 72 = 1; 2} = zy, 2§ = z,2,; 7 centralizes

iaj’ andk; [ia T] = izy, [u9 T] = jZZs [v> T] = kz2>-

Case 1.2. Ay(T) contains a subgroup of order 3 which acts fixed-point-freely on
W. Then either T is a four-group; or else [Nog(T):TCi(T)]=3 or 15, and T is iso-
morphic to the following special group of order 28 with exactly three involutions:

A={a>x{b) = Z,xZ,.

T = <A,e,f,h:ehasmatrix (; g) on A

. (3 2
f has matrix (0 3) on A

h has matrix (l 2) on A
2 1
with respect to the basis {a, b} of A; e? = b2, f%2 = a?b?,

h? = a?; e, f, h centralizes each other; h = e }f ! = efa2>.

Proof of Theorem 1. By the Schur-Zassenhaus theorem, Ng(T)=TS for some
subgroup S of odd order. Then S/Cs(T) acts faithfully on T/®(T). T/®(T) is of
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rank at most 4 by the four generator theorem. So S/Cg(T) <> GL4(2) and the only
odd prime divisors of [Ng(T): Cx(T)] are € {3, 5, 7}.

(i) If @ is an automorphism of T of odd order, 8 centralizes every normal
Abelian subgroup of T which it normalizes, if and only if @ centralizes W.

Proof. Suppose 0 centralizes W; let 4 be a normal Abelian subgroup of T
normalized by 6. A is cyclic or of rank 2. If cyclic, then Aut (A4) is a 2-group, so 6§
centralizes A. If of rank 2, then Q,(4) < T, so Q,(4)= W by Lemma 1. If 4 is not
homocyclic, Aut (4) is a 2-group; for, write 4=<{a) x <b)> where a is of order 2’
and b of order 2° < 2. Then A/®(A) is a four-group whose nonidentity elements are
a®(A4), ab®(A), and bP(A); of these cosets, the first two consist of elements of
order 2" while b®(A) consists of elements of order <27~1, so the only action
Aut (4) can have on A/®(A) is to exchange a®(A4) and ab®P(A4). So [Aut (4):
Aut, (4)] £2, where Aut, (A) is the set of automorphisms of A which act trivially
on A/®(A). Aut, (A) is a 2-group, so Aut (A4) is a 2-group.

So we may assume A is homocyclic of rank 2. Then Aut (4)/Aut, (4)=~ 23, and
Aut (4)/Aut, (4) induces X3 on each subquotient ,(A4)/Q;_;(A), in particular on
W. So the only nonidentity odd-order automorphisms of 4 are of order 3 and they
are fixed-point-free on W. Since 8 centralizes W, then, 0 centralizes 4.

Let g be any odd prime divisor of [Ng(T): Cs(T)] and let Q/Cs(T) be a subgroup
of S/Cs(T) of order gq.

(ii) If Q centralizes W, then T, =[T, Q] is a special 2-group.

Proof. Let A be a characteristic Abelian subgroup of T,. Since T; is normal in
T, A is normal in 7, and Q centralizes 4 by (i). Also [T, Q]=T,. Therefore T; is
special by a theorem of Thompson (Huppert [9, Satz III. 13.6, p. 352)).

T, ] T, so ®(T,) ] T; hence if T, is special, |D(T,)|<4. Also [Ty:P(T})]<16
by the four generator theorem. If m=rank of T,/®(T;), then m=<4 but also e
divides m, where e is the smallest positive integer such that 2°—1 is divisible by q.
T,/9(T,) is fixed-point-free under Q.

Suppose g=7. Then Q centralizes W and so T} is special by (ii); and m has to be
3. Ty < T 'so cannot be elementary of order 8; hence ®(7;) > 1. |®(T;)| =2 or 4 and
so'Q centralizes ®(T}). Therefore if T, is a hyperplane of ®(T},), Q acts on T;/T,.
But T,/T, is a nonelementary group of order 16, and no such group admits an
automorphism of order 7. This contradiction establishes that 7 does not divide
[No(T): Co(T)]. ’

Suppose g=5. Then Q centralizes W and so T} is special by (ii); and m has to be
4. We observe that T=T,. For in any case, T=C(Q)T;; so if T>T;, there is
T, > T, such that T, admits 7Q and [T,:T,]=2.

Tz/L‘D(Tl) = C7'2/0(Tl)(Q)[T2/ d)(T 1)’ Q]
= Cryoa(Q)T,/V(T)).

So T,/®(T,)=<t¥(T,), T,/P(T,)> where t®(T,) is fixed by Q and T,/®(T)) is
irreducible under Q, and %€ ®(T;). [T,/D(T,), t] is a proper Q-subgroup of
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T:/®(T,), so is 1. But then T,/®(T,) is elementary of rank 5, contradicting the four
generator theorem.

Therefore T=T; is special; |®(T)|=2 or 4. If 2, then T~ Qg o Qg or Qg o Ds.
Qs ° Qg admits no automorphism of order 5, so T Qg o Dg; but Qg o Dg has more
than one normal four-group, contrary to Lemma 1.

So |®(T)| =4, and W=®(T)=Z(T)=T'. W contains all the involutions of T
since if x € T were an involution outside W, then (x, W) would be a normal Eg of
T. Therefore by Glauberman’s theorem, all the involutions of W must be fused
together in G; and so fused in Ng(7T) by Burnside’s theorem (Huppert [9,
Hilfssatz 1V.2.5, p. 418]).

So 3 divides [Ny (T):Cq(T)], 7 does not. Now |GL,(2)|=28-32-5-7; so
S/Cs(T) < GL4(2) and is of order 3-5 or 32-5. But GL,(2) contains no subgroups of
order 32-5. For a group of this order must be Abelian by Sylow’s theorem. Now a
Sylow 3-subgroup of GL,(2) is of form {8) x {¢)> where 6 has a two-dimensional
fixed point set and ¢ has no nonzero fixed points; 8 cannot be centralized by a
5-element of GL,(2) since 5-elements have no invariant two-dimensional subspaces.

So [S:Cs(T)]=15; and S/Cs(T) contains a subgroup of order 3 which acts
fixed-point-freely on W. (This situation will be investigated in greater detail under
Case 1.2.)

We now have that 3 must divide [Ny(T): C«(T)] and that S/Cs(T) is Abelian of
order 3, 9, or 15.

Case 1.1. S/C(T) contains a subgroup Q/Cs(T) of order 3 which centralizes W.
T,=[T, Q] is normal in TQ. For x€ S, T¥=[T, Q1*=[T*, Q*]1=I[T, Q] (since
S/Cs(T) is Abelian)=T;. So Ng(T)=TS normalizes T;.

(iii) No element of Z(T) N T; can be fused in G to a central element of T
which lies outside Tj;.

Proof. Fusion within Z(T) is all accomplished in Ng(T') by Burnside’s theorem;
and Ng(T) cannot conjugate an element of 7 to an element outside T;.

T, is special, and m=rank T,/®(T;) is 2 or 4. ]

(iv) If m=2 then T cannot be a Sylow 2-subgroup of a simple group G.

Proof. Suppose m=2. If T, is Abelian then T, is a normal four-group of T.
T, # W since T, is fixed-point-free under Q and W is centralized by Q. But T has
only one normal four-group by Lemma 1.

So T, is non-Abelian with [T;:77]=4. But T,'is also special, so Ty=Z(T;)
= ®(T,) is elementary. So if T, =<x, y) (for x and y independent mod ®(T},)), then
Ty ={[x, y])> so is of order 2. So |T;|=8 and T,~ Dg or Qg. T, admits a nontrivial
3-automorphism, so T;~ Qs.

The central involution z of T; is central in 7. By Glauberman’s theorem, z is
fused in G to some other involution of 7. So by (iii), z is fused to a noncentral
involution of T.

[Ty/{z), T] is a proper Q-subgroup of T,/{z), so is 1, i.e., T centralizes T,/{z)>.
Therefore T=C o T;, where C=Cy(T;), and SCNj (T) empty = SCNj; (C) empty.
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The noncentral involutions of T are of two forms: (1) the noncentral involutions
of C (these are centralized by T3); (2) xy where x € C, x2=z, y € T; —{z) (these are
centralized by y). So for every noncentral involution ¢ of T, C;(¢) contains z as a
square.

Case 1. Every element of SCN (C) is cyclic (i.e., C has no normal four-group).
Then C is cyclic or of maximal class (Blackburn [3, Theorem 1.1, p. 3]). If of
maximal class, C is dihedral, semidihedral, or generalized quaternion (as in proof
of Lemma 1). z is the only involution of 7 which is a square in T, since ®(T)
=®(C)V(T,)=D(C) is cyclic.

Some involution t#z of T is fused to z in G; there is ge G with t?=z and
Cr(t)°<T. C(t)° must be a subgroup of 7" which contains =z as a nonsquare and
z% as a square; but then z¢ must be z, which contradicts t9=z.

Case 2. Some B e SCN (C) is not cyclic.

1.2.1. If H is.any normal Abelian rank 2 subgroup of C, then z is not a square
in H.

Proof. There is y € T, with y?2=2z. Suppose h € H has h®=z. {y, H) is a normal
Abelian subgroup of T=C o T;. But {y, H) contains the three involutions of H
and also the involution yk; so Q,(Cy, H)) is of order =8, contradicting SCNj; (T)
empty.

z€ B, but z is not a square in B (1.2.1). B={b) x{z)> where b is of order 2°
(@zl). Q(B)=W.

If a=1then Be SCN (C) = C=B or Cx Dg. If C=B then T has no noncentral
involutions, which is impossible because z must be fused in G to a noncentral
involution of T. C~ Dy is impossible by Lemma 1.

If a2 2, let H=Q,(B)=<{b>"") x{z).

1.2.2. B=C(H).

Proof. Immediate if a=2, since then H=B € SCN (C).

If a=3 and C,(H)>B, let C.(H)=R>B where R T and [R:B]=2; write
R={r, B). Then r% € B, so r induces (by conjugation) an automorphism of order
2 of B. Therefore r~*br=>bw or b~'w for some w € W. But if the latter, then r does
not centralize H. So r~*br=>bw for some we W.

Cy(r)=<b%, W); r?2 € Cy(r). For any integer i,

(rb)? = r3(bw)'b' = r2b*w'.

So we can choose r € R— B so that r?e W.

If there is some r € R— B with r?=1, then <{r, W) is precisely the set of in-
volutions of R and so is a normal Eg of T, contradicting SCNj; (7)) empty.

So R— B contains no involutions, but there is r € R— B with r?e€ W but r2#1,
and <r, H) is precisely the set of elements of order <4 in R. So <{r, H>T.
{r, H) is Abelian of order 16 and exponent 4 and contains only three involutions,
so every involution—including z—of {r, H) is a square in <r, H), contradictory to
1.2.1.
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Since a=2, 0%~ Y(B) consists of a single involution #z. %~ }(B) < T and z is
central in T; so W is central in T. So T stabilizes the two chains H> W>1 and
T,><zy>1.

Since the stability groups of these chains are elementary, ®(T)< C(T,) N Cy(H)
=C¢(H)=B by 1.2.2. Therefore, no involution of T— B is a square in 7.

The involutions of B (being just those of W) are central in 7. So some involution
t of T— B must be fused to z in G; there is g € G with 9=z and Cy(t)°<T. Cr(¢)°
must be a subgroup of T which contains 9=z as a nonsquare and z° as a square.
The only involutions of T which could be squares in T are central, and we have seen
that z is fused to no central involution of T other than itself; so z9=z, which
contradicts t9=z.

By (iv), T,/®(T) is of rank 4. Since T, T, ®(T,)#1. The Q@-module
V=T,/®(T,) is fixed-point-free under Q, and its fifteen nonidentity elements fall
into five Q-orbits of length 3, each of which (together with 1) constitutes an ir-
reducible Q-submodule of V. Moreover, if V,, V, are any two irreducible Q-
submodules of ¥V, with nonidentity elements x;, y;, z; respectively xg, ys, z5 such
that the two sets x;, y;, z; (=1, 2) are cycled in the same order by a given generator
of Q/C«(T), then all five irreducible Q-submodules of ¥ are exhibited as columns in
the following chart:

X1 Xg X1Xg X129 X1)2

v) Vi Y2 N2 ViXz2 V122
21 Zg Z1Z9 Z1Y3 Z1Xa.

Moreover, if we choose a generator aCs(T) for Q/Cs(T), and choose x;, y;, z; sO
that xf =y, y¥=z,;, zf=x,; (i=1, 2), then a transforms each element in the chart (v)
to the one below it.

T=CHQ)T, and C(Q)NT, S OT).

i) Cx(V)=T:.

Proof. If not, there is R with T2 R>T;, [R:T,]=2, R=<r, T}) for r € C(Q),
and Re C(V). R/P(T,) contains a central subgroup of index 2 and so is Abelian.
r2e Cp(Q) N T, = ¥(T,), so R/D(T,) is elementary of rank 5, contradicting the
four-generator theorem.

In fact, C:(Q) N Ty=D(T,). For if |O(T,)|=2, then Q centralizes ®(T;) since
it normalizes ®(7T}); and if | ®(T;)| =4 then ®(7,)= W by Lemma 1, so Q centralizes
®(T,) by hypothesis on Q. Thus T/®(T}) is a split extension of ¥V by Cr(Q)/P(T,);
and the action of T/T; on V is the same as that of C;(Q)/D(T).

So the action of T/T; on V centralizes that of Q/Cs(T). Therefore each te T
permutes the five irreducible Q-submodules of ¥, and centraliZes any which it
normalizes.

(vii) If T> T, then T normalizes exactly one of the irreducible Q-submodules of
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V, say E/®(T;). Moreover, for every t € T—T,, E/®(T;) is the only irreducible
Q-submodule normalized by ¢.

Proof. There are five irreducible Q-submodules, so at least one—say V;—is sent
to itself by T. If t e T—T, normalized V; and also another irreducible Q-sub-
module V,, then ¢ would centralize ¥, and V,, hence would centralize V; x Vo=V,
contradicting (vi).

(viii) If U is an irreducible Q-submodule of ¥, and U=K/®(T;), then: if
|®(Ty)| =2, K is ~ either Eg or Qg; if |O(Ty)|=4, K is  either E;¢ or QgXZ,.

Proof. If |®(T;)| =2, then |K|=8. The only Abelian group of order 8 having an
elementary quotient admitting a fixed-point-free automorphism of order 3, is Eg;
the only non-Abelian one is Qs.

If |®(T,)| =4, then ®(T,)=W. |K|=16 and W is central in K, and K/W is a four-
group.

If K is Abelian, K~ E¢,. For K is of exponent at most 4. Now the order of
x € K depends only on xW since W is central and elementary in K. So if there is
x € K of order 4, then (via Q) every coset of Win K (other than W itself) consists of
elements of order 4. So K~ Z, x Z,. But the 3-automorphisms of this would not
centralize W.

If K is non-Abelian then K~ Qg x Z,. For W=Z(K), and K has three maximal
subgroups (all Abelian) containing W, which are permuted cyclically by Q and are
therefore isomorphic. If they are isomorphic to Z, x Z,, we can choose i, j, k € K
which together with W generate these three maximal subgroups, and such that
it=j je=k, k=i i?=w+#1,we W.j2=(i®)?=(i?)*= w*=w since Q centralizes W;
similarly k2=w. And also [, j]=[j, k]=[k, i]=w, since (for instance)

w = (ij)? (since jj = k mod W) = i2[i, j~1]2
i%2[i,j] sincej~' =j mod Z(K)
= WW[i, Jl
= [i,j]
Therefore <i, j, k, wp)>~ Qg, and K>~ Qg x Z,,.

If these three maximal subgroups of K are ~ Eg, then we can choose involutions
i, j, k of K which together with W generate these three maximal subgroups, and such
that i®=j, je=k, k®=i. Now {j=k mod W, so (if)2=k2%=1. But since i and j are
involutions, (ij)2=[i, j]; so K=<i, j, W) is Abelian, contrary to assumption.

(ix) |®(Ty)|=4 (and therefore O(T,)=W).

Proof. If |®(T,)|=2, then E T = Ex Qg by (viii). Ty =E o C;(E). Cr(E) is
Q-invariant, so by (viii) is = Es or Qg; but also Cr (E) < T, so Cr,(E)~ Qg; and
T=T, by (vii). But then T~ Qg o Qg, Which has normal Eg’s.

(x) Ex Qg x Z,, and Cr,(E)=W=O(T)).

Proof. Since E< T, E~ Qg x Z, by (viii).

Cr(E) N E=Z(E)=W. C;,(E) is Q-invariant and normal in T, so if Cr,(E)> W
then T=T, by (vii) and Cr,(E)= Qg X Z, by (viii).
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Suppose the square of Cr (E) is the same (nonidentity) element of W as the
square of E. Then take x,, y1, z1 € E, Xa, ya, z3 € Cr (E), or order 4 and cyclically
permuted by Q; and make the chart (v) using the images in T,/ W of these x;, y;, z;
(i=1, 2). Then the first two columns in the chart contain cosets of W which consist
of elements of order 4; and the last three columns (the ““ diagonals”) contain cosets
of W which consist of involutions. These latter three then come from E4’s of T;,
the first two from Qg xZ,’s (by (viii)). 7 permutes these three E,¢’s so must nor-
malize one, contradicting SCNj; (T) empty.

Therefore the square of Cr (E) is different from the square of E; so T=T,
=~ Qg X Q. But this is impossible by (xi).

(xi) If T~ Qg x Qg then T cannot be a Sylow 2-subgroup of a simple group G
(Glauberman [7, Corollary 8, p. 419]).

Proof. Write the two Qg’s with generators i, j, k and square z, respectively
a, b, ¢ and square x, so that T={i, j, k) x{a, b, ¢). Then z, x are each the square of
twelve elements of T while zx is the square of thirty-six elements of T. So zx is a
characteristic involution of T. z, x, and zx are the only involutions of T, so by
Glauberman’s theorem, zx is conjugate in G to z or x. Hence by Burnside’s theorem
zx is conjugate in Ng(T) to z or x, but this is impossible since zx is a characteristic
involution of 7.

(xii) Elements i, j, k, t, u, v, z,, z, € T, can be chosen so that:

W={z,, zy).

E={i,j, k, zo) and (i, j, k> is a Qg with z, as square. i®=j, je=k, k®=i.

{t,u, vy is a Qg with z,z, as square. t*=u, u®=v, v°=t.

[i,2] =1, [, t] = z,, [k, t] = z..

[i, u] = Zg, [.]a u] =1, [k’ u] = Zj.

[i, v] = z,, [/, v] = z,, [k, v] = 1.
Proof. By (x), T:/W <> the stability group of E>W>1. But T,/Wx~E¢>the
stability group of E> W>1; so T,/W induces the full stability group. So if z; is

the square of E and we choose i, j, k € E so that (i, j, k> is a Qs and E={i, j, k>
x {zy), then there are elements ¢, u, v of T, such that -

it = i, jt = jz?.a kt = kzz,

v =izy, jU =}, k* = kz,,

iV = izy, J¥ = jzq, k’ = k.
(These three automorphisms are the nonidentity elements of a four-group in Aut E,
namely the subgroup ““shearing <i, j, k) onto z,.”)

" If i, j, k € E have been chosen so that i®=j, j°=k, and k®=i (the proof of (viii)
shows that they can be so chosen), then the relations

[;,t]1=1, [j, 1] = z,, k,t] = z,
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become, under conjugation by a,

[j9 ta] = la [k’ ta] = Zy, [l, ta] = Zy,
k, t*1 =1, [, 1] = zo, [, 1] = za.

Therefore u=¢% mod W and v=¢* mod W; and since W is central in T, we can
choose ¢, u, v acting as above on E so that t*=u, u*=v, v*=t.

{t,u, v, W)/W is one of the five irreducible Q-submodules of V. The chart (v)
for the submodules {i, j, k, W)/W and {t, u, v, W)/ Wis

it it v iu
Jou ju gt jv
k v kv ku kt

(Note that {i, j, k} and {¢, u, v} are “sharper” sets of generators than were assumed
in (v), in the sense that Q permutes {i, j, k} and {z, u, v} themselves, not just their
- cosets modulo W. This same sharpness with respect to Q holds then for all five
columns in the chart.) The inverse image in T; of each submodule is isomorphic to
E ¢ or Qg xZ,, by (viii).

{t,u, v, Wy~ Qg xZ,. For if Ejg, then by squaring elements in the columns of
the chart we see that {t, u, v, W) is the only E;¢ of the five; thus <t, u,v, W> T,
contradicting SCNj (7') empty. _

The square in <t, u, v, W) is not z; =the square in {i, j, k>. For if it were, the
squares in the five would be: z,, z,, 1, z,, z, respectively; so again one and only one
~ Fi¢ and would be normal in T.

We now show that the square in <¢, », v, W) is not z, (whereupon it must be
2,25, and (xii) is proved).

Suppose the square in {t, u, v, W) is z,. Then (¢, u, v) centralizes {it, ju, kv)
(which shears (i, j, k) onto z,z, and has square z,z,), so Ty~ Qg x Qg. T>T, by
(xi). Take new notation in 7} as follows: let <a, b, ¢), {d, e, f> be Qg’s of T, with
squares x, y respectively, such that

T, ={a,b,c>xd,ef,
and the sets a, b, ¢ and d, e, f are cycled in the same order by Q. The chart (v) for
these generators is
d ad aof ae
e be bd bf
f ¢ ce cd
Yy Xy xy xy.

X o o 8

Squares:

Now the subgroups <a, b, c, W) and {d, e, f, W) of T, centralize each other,
while the subgroups of T; corresponding to the last three columns of the chart have
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centralizer in 7; equal to W. Therefore T must act separately on the first two and
two of the last three; and so [T:T,]=2 (by (vii)), T exchanges <a, b, ¢, W) and
{d, e, f, W5, and therefore Wis not central in T. T=C(Q)T,and CL(Q)NT,=W.
|Cr(Q)| =8 and C;(Q) is non-Abelian (since W is not central in T), so Cr(Q)= Dg
and we can take an involution € Cy(Q) such that C;(Q)=<W, 7). d, e, f can be
chosen so that a*=d, b*=e, ¢*=f. Then Cy(7)2<ad, be, cf, WH/W; C,(r)=E|/W is
of order 4 by (vii), so E={ad, be, cf, W).

We now show that T—T, =T, contains eight involutions, all conjugate in T
to 7. The involutions of 7T, are the elements 7k where k € T, and 7 inverts k. V' is
elementary, so each such k must have kW € Cy(r), and the involutions of +7; all
lie in {ad, be, cf, W>.

The involutions of 7W are = and rxy=7*.

TadW, tbeW, and r¢cfW are sent to one another by Q, since = € C(Q). Also Q
normalizes T. If all the involutions of radW are T-conjugate to 7, then all the
involutions of the Q-conjugates of rad W will be T-conjugate to = (since 7 € C(Q)).
Hence all the involutions of 7<{ad, be, cf, W) will be T-conjugate to 7.

radW={rad, radxy, radx, rady}. We compute that:

(ad)* = da = ad since a centralizes d.
(adxy)' = adxy.
(adx)* = day; (adx)(day) = (ad)(da)xy = 1.
(ady)' = dax; (ady)(dax) = 1.
So the involutions of radW are radx and rady. Now
1% = 7(ra~'7)a = vd ~'a = rdya = rady.
%% = (%)% = (rady)* = 1*ady = rxyady = radx.

So the involutions of radW are T-conjugate to . Hence the involutions of =T; are
all conjugate to 7 in T.

We now show that this 7 cannot be a Sylow 2-subgroup of a simple group G.
The T-conjugacy classes of involutions of T are {xy}, {x, y}, and the eight in-
volutions of 77;. By Glauberman’s theorem, xy is fused in G to = or to x.

Suppose xy is fused to 7; then there is g € G with =xy and Cr(7)°<T. Cy(7)
is of order |T|/8=16, so |Cr (7)|=8; Cr,(r)=<ad, be, cf, xy>= Qs. Thus Cy(7)
contains xy as a square. So Cy(7)?< T contains (xy)? as a square. Now &(T)=T;
and the only involutions of T; are x, y and xy; so the only involutions of 7" which
are squares in 7, are x, y, and xy. (xy)?#xy, so (xy)°=x or y.

So if 7 is fused to xy, then x is fused to xy. So in any case x is fused to xy in G,
and there is g € G with x?=xy and Cy(x)°=T?<T. T, is the only maximal sub-
group of T to contain a central four-group in which every element is a square; so
T{=T,. But then x?=xy is impossible because xy is a characteristic involution
of T;. .
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(xiii) 7 is generated by two E;¢’s; and [T:T,]=2.
Proof. The chart (v) for the generators {i, j, k} and {t, u, v} is

i t it iv iu
J u gu jt jv
k v kv ku kt

Squares: 2, 212, Zg 1 1.

So by (viii), the last two submodules come from E,¢’s of T;. T must act separately
on the two sets of submodules other than E/W which come from Qg xZ,’s re-
spectively E¢’s; so [T:T,]=2 by (vii).

(xiv) T=T,C(Q) where C(Q)~ Ds. We can take an involution r € C(Q)— W
such that :

T=CU.jk,tuv zy, 2o 70, J, k, t,u,v, 2y, zo
satisfy the relations given in (xii);
Z} = z,, 75 = z,2,; 7 = |; 7 centralizes i, j, and k;
[t, 7] = izq, [u, 7] = jzo, [v, 7] = kzy).
Proof. T=T,Cr(Q) and T, N C(Q)=W; so |C;(Q)|=8. T must conjugate
{t,u, v, W) to (it, ju, kv, W), and hence z,z, to z,. So Cr(Q)= Dg and there is an
involution 7 € Cr(Q) such that C(Q)=<W, 7).
By (vii), Cy(7)=2 E/W. The automorphism X induced on V by = is of order 2, so
in the ring of endomorphisms of ¥V, 0= X2—1=(X-1)32, and so

Ker(X—1)2Im(X-1)

Gy(7) v, 71.

Also Dim Ker (X—1)+Dim Im (X—1)=Dim (V)=4; so Cy(7)=[V, 1]=E/W.

Since 7 € C(Q) and = normalizes E/W, = centralizes E/W, and so [i, 7], [j, 7],
and [k, 7] are all € W. We will now show that [i, 7]=[j, 7]=[k, 7]=1. For, writing
[i, 7]1=w € W and conjugating by a, we get

w=ws = 1%, 7] = [j, 7]

and similarly w= [k, 7]. Now either ij=k or ij=kz, ; since z, € Z(T), in either case
we have (ij)*=(ij)w. So

w = @) = iY° = (w)(jw) = ijw? = ij.
Hence w=1.
We will now normalize i, j, and k so that [t, T]=iz,, [u, 7]=jz,, [v, T]=kz,.
Since E/W=C,(r)=[V, 7], [t, r]=e for some e € E. Now t2=2z,z,; conjugating by
T, we get

zo = (t%)° = (%) = (te)? = t%e'e = z,z,¢%.
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So e must satisfy e‘e=z;. The elements of E satisfying this are {iw : we W}. So
t*=tiw for some we W.

Now i~1, j~1, k= are carried to one another by a as are i, j, and k, and indeed
they satisfy the relations of (xii) with respect to ¢, u, v, z,, z, just as do i, j, and k.
So if necessary we may replace i, j, kK by i =%, j =1, k=1 to get: w=1 or z,.

Since 72=1,

t =t = (tiw)* = thi'w*

= (tiw)iw® = tz,ww",

Therefore w must satisfy ww*=2z,. So w=2z,, and [¢t, 7]=iz,. Conjugating by a, we
get [t, 7]°=[t°, *)=[u, 7]=jz,; and [v, 7] =kz,.

So the isomorphism type of T is determined.

®(T)=E is of index 8 in T; s0 5{[Ng(T): Cs(T)] since an automorphism of order
5 of T must act faithfully on T/®(T) and 5 does not divide |GL3(2)|. Therefore
[NT):TC(T)]=3, as claimed in the statement of Theorem 1.

We will now show that G has at most two classes of involutions, represented by
z, and iv.

The involutions of T, are the nonidentity elements of the two E;¢’s X=
iv, jt, ku, W) and Y= X*={iu, jv, kt, W). The involutions of =T, are the elements
7r where r € T, and ~ inverts r. Such r must have rW e Cy(7)=E/W, hence r € E;
so the involutions of 7T, lie in 7E. The involutions of W are r and rz;. The in-
volutions of 7iW={ri, tiz,, Tizy, iz z5} are 7izy and 7iz,z,; conjugating by a, we
find that 7jW and =k W likewise contain two involutions each. Hence =T contains
eight involutions.

Now {Cr,(7), W)|W< Cy(r)=E|W, hence Cr (7)< E. Computing inside E, we
get Ce(7)=<i, j, k). So [T,:Cr (7)]=8, so there are eight T;-conjugates of =, all
lying in 7T;. Hence all the involutions of +T; are T;-conjugate.

Also, each coset of W in X is a single T;-conjugacy class of involutions; for
[iv, T ] contains:

[iv, l] = [va l] = Zgy,
[il),j] = [l’j][v’]] = 2,2y,
[ivs k] = [l, k][U, k] = Z;.

Hence [iv, T;]=W. Conjugating by a, we get [jt, T\]=W and [ku, T1]=W. So
X—W is a single class under 7, Q. Since X*=Y, (X— W) U (Y— W) is a single
class under 7Q.

So there are four classes of involutions of T under conjugation by TQ, namely
{z1}; {22, z122}; the involutions of 77;; and (X— W) U (Y— W). In particular, X
and Y are the only E,¢’s of T. Also, ®(T)=E, so the only involutions which are
squares in 7 are the involutions of W.

(xv) If 7 and z, are fused in G, then z, and z, are fused in G.
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Proof. Suppose = is G-conjugate to z;. Cr(7)={r, i, j, k), so z; is a square in
Cy(7). So if T* is a Sylow 2-subgroup of Cg(7) (and hence of G) with T*2 Cx(7),
then z, is a square in T*, so z; € W*. Also € W*. So W* contains two different
G-conjugates of the central involution = of T*.

(xvi) = and z, are fused in G (whereupon by (xv), G has at most two classes of
involutions, represented by z;, and iv).

Proof. 7 is fused to some element of T;, by Lemma A. If 7 is not fused to z,,
then one of the following holds:

(xvi.i) 7 is fused to z,, and z, is not fused to z, or 7.

(xvi.ii) 7 is not fused to z, but is fused to iv € X, and z, is not fused to iv, and z,
is not fused to iv. '

If (xvi.ii) holds, then Cr(iv)=X and Cp(7)=({i,J, k) x{r)) are both Sylow
2-subgroups of Cg(iv) (where 79=iv). But this contradicts Sylow’s theorem in
Ce(iv) since X% Qg% Z,.

Therefore (xvi.i) holds. z; is fused to some involution of T other than itself, by
Glauberman’s theorem; therefore z; is fused to iv.

Now T;, Q<= Ng(X) and T, is a Sylow 2-subgroup of Ny(X). Cr (X)=X and
A, o(X)= Zf. We will show that 4,(X) s transitive on the nonidentity elements of
X, which contradicts (xvi.i) and so proves (xvi). We already have that X— W is a
single class under T, Q.

Since z, is fused to iv, there is a Sylow 2-subgroup T* of G in which iv is the
central involution, such that 7*2> X=Cy(iv). Tf is then a Sylow 2-subgroup of
Ng(X) (since T;¥ is the normalizer in T* of both of the Ej¢’s of T*), and there is
y € Ng(X) with (T¥)Y=T,. Then (W*)¥=W, so (iv)* € W. So the set (X— W)
U {(iv)*} is part of an orbit of A;(X) on the nonidentity elements of X. No orbit
of Az(X) can have size 13 since 13 does not divide |GL4(2)|. So if 4(X) is not
transitive, it must have two orbits of sizes 14 and 1, the orbit of size 1 being < W;
call this orbit {z}.

If this occurs, we observe that A(X) is faithfully represented on X/<{z), i.e.,
As(X) intersects the stability group L of the chain X> (z)>1 trivially. For
A(X) N L <1 Ag(X); and since Ar,(X) is a Sylow 2-subgroup of As(X) and
[X, T,] is all of W, Ag(X) N L has order 2 (if nontrivial). Then A4(X)/Aq(X) N L
has order twice an odd number, so has a normal 2-complement N;/4x(X) N L;
N, has order twice an odd number so has a normal 2-complement N. N is then a
normal 2-complement in Ag(X). But 4¢(X) contains A7 o(X) which does not have
a normal 2-complement; so 44(X) cannot have a normal 2-complement.

So Ag(X) has a faithful representation in GL3(2), whose order is 23-3-7.
Moreover, |Ag(X)| is 12 times an odd number and is divisible by 14, so is 12-7;
but this is impossible since GL3(2) has no subgroups of index 2.

Case 1.2. S/C(T) contains a subgroup Q|Cs(T) of order 3 which acts fixed-point-
freely on W. Then W=Q,(Z(T)).

Let 4 be a subgroup of T with 42 W, A Abelian, 4 < TQ, and 4 maximal

s
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subject to these conditions. A is of rank 2 and is homocyclic (for we have seen in the
proof of (i) in Case 1.1 that a nonhomocyclic group would not admit an
automorphism of order 3).

If A=W, then T= W (so that T is a four-group). For suppose T> A= W. TQ acts
on T/W and preserves Q,(Z(T/W))=Z/W say; moreover, T acts trivially on Z/W,
so the T'Q-invariant subgroups of Z/W are just the Q-invariant subgroups. Suppose
Czw(Q)> 1. Then there is a TQ-invariant subgroup L of T with Z=L> W, and
[L: W]=2. But Wis central in T, so L is Abelian, which contradicts the maximality
of A=W. Therefore Z/W is fixed-point-free under Q and is a direct product of
irreducible Q-modules, each of which is a four-group. Let K/W be one of these
irreducible Q-modules; then W is central in K, and Q acts fixed-point-freely on W
and on K/W. We now show (Lemma 2) that K is Abelian, which again contradicts
the maximality of 4= W.

LEMMA 2. Let K be a group of order 16, with a central four-subgroup W, such that
K admits an automorphism o of order 3 which preserves W and acts fixed-point-
freely on W and on K/W. Then K~ E\g or Z,x Z,.

Proof. Let ke K, k¢ W. kW, (kW)°, and (kW)°® are the three nonidentity
cosets of Win K. k% € W, and since W is elementary and central, (kW)2=k2.

If k2=1, then (kW)2=((kW)°)?=((kW)°*)?=1, and so K is of exponent 2 and
hence elementary Abelian.

If k2=w#1, then (kW)?=w; (kW)°)2=w; and ((kW)°*)2=w"". So each
element of W is a square in K.

Now K=<k, k°, W>; and

[k, k°] = k~1(k*)~‘kk® = kwk'wkk® = ww(kk°)2.
But ICkaEka2 mod W’ SO (kk0)2= woz; SO
[k, k7] = www?® = 1.

So K is Abelian of exponent 4 and every involution is a square; hence K~ Z, x Z,.

If T=A then G cannot be simple unless 7T is a four-group, by a result of R.
Brauer [4, Theorem 1, p. 317].

Thus if T is not a four-group, 7> A > W. Let B=Qy(A); B~Z,x Z,.

(xvii) A=Cy(B).

Proof. C(B) is Q-invariant. Also Cr(B) is metacyclic (Alperin [1, Corollary,
p. 110]) and the only metacyclic 2-group admitting an automorphism of order 3
which acts on W as Q does, is Abelian (since otherwise its derived group is cyclic
and Q-invariant) and homocyclic; so Cr(B)= A4 by maximality of A.

Therefore T/A4 <> Aut B; since T centralizes W, T/A — B* (see Chapter II).
T/A is Q-invariant, so the image of 7/A4 in B* either contains [B*, o] or else is
contained in Cg+(o) (Where o is any 3-automorphism of B).

We now show that 4 must be of exponent 4.
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(xviii) If A4 is of exponent 27 for r 2 3, then the subgroup of 8* induced on B by
T/A does not contain [B*, o] (and hence lies in Cg+(0)).

Proof. Suppose the contrary, and let T, be the inverse image in T of [8*, o]; T}
is fixed-point-free under Q since A4 and T;/A are.

If T, — A has no involutions then T is of exponent 4 by a result of G. Higman
[8], which contradicts our assumption regarding A.

So T, contains an involution ¢z, ¢t ¢ A. Let p be a generator for 44(T); since p is
fixed-point-free on T3,

ot =1, @ =1

and therefore t* commutes with £°°; hence also [t**, t]=1 and [¢t, t°]=1, so ¢, t*,
and ¢°° all centralize each other. t£°¢°® is fixed by p, so must equal 1. Also 1, ¢, ¢°, t°*
form a complete set of coset representatives for 4 in T;. So they constitute a four-
group V which is a Q-complement to 4 in T;.

Choose a basis for 4, and take the 27~2th powers of the members of this basis as
a basis for B. We can then write matrices for automorphisms of 4 and B.

[B*, o] contains the matrix (3 %), so there is v € ¥ such that v induces ¢ %) on

B.If (¢ %) is the matrix of » on 4, we have

* (: i) = (; f) mod 4.
Since v2=1, we also have .
) Gen o) = 5 = (o 1) moa

B and vy are each twice an odd number by (*), so («+ 8) is a multiple of 27~ by (**).
Also «2=252% by (*¥), i.e. (¢61)%2=1. (« and 8 are odd and therefore invertible
mod 2".) Therefore «a6~1= +1+i2""1 for i=0or 1;i.e.,

a = §(+1+i21).

Therefore a«+8=8(+1+1+i2""1) is =0mod 2", so —1 must occur, i.e.
a=—38+i2""1 But then o= — & mod 4, whereas (*) implies that «=8 mod 4. This
contradiction establishes (xviii).

(xix) If 4 is of exponent 2" for r= 3, then [7: A]=2, and for suitable choice of
basis in A4,

_1 '21—1 '2r—1
T = <A,t:t2 = 1 and the matrix oftonAis( + J )>

Jrt =142

for some i, j=0 or 1.

Proof. By (xviii), the subgroup of 8+ induced on B by T/A4 lies in Cg+(0), and
so [T, Q]=A. T=|[T, QIC(Q) splits T over A, with C,(Q) elementary of order 2
or 4.
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All the elements of order 3 in Aut (A4) are conjugate in Aut (4). So if p is a chosen
generator for A¢(7T), we can take any 3-matrix we like to represent the action of
p on A, by choosing basis suitably in A. Choose the matrix (_¢ _1) for p. Then the
automorphisms of A induced by elements of C;(Q) have matrices (¢! 5) which
must centralize (_§ _1)—this is equivalent to 8=«—pB and y= —B.

Since C;(Q) is elementary, we must have (mod 2")

o )= (5 20 = (arre w2

or equivalently
«2—B2 =1 mod 2, 2¢8 = B2 mod 2".

B cannot be odd. For if it were, we could cancel it in 2¢8= 82, getting 2a=p, so
B is even.
So B is even; then o must be odd since (_§ ,2,) is nonsingular. Since 2¢8=p52,
either B is twice an odd number or 20f=8%2=0 mod 2.
If B is twice an odd number—say B=28, for odd B,—the equation 2¢8=82 mod 2’
becomes
2028, = 482 mod 27
< 4o = 48, mod 2"
< By = «+k2""2 for some integer k.

Then the equation ¢ —B%=1 mod 2" becomes
o?—(2a+k2")2 =1 mod2 < —3e¢2 =1 mod?2.

In particular, —3e%=1 mod 8. But this is impossible since the square of any odd
number is =1 mod 8.

So 20f=82=0 mod 2'. Therefore B=j2"-1 (j=0or 1). «>—B2=1 mod 2" becomes
o®=1 mod2, so a=+1+i2""* (i=0 or 1). If a=1+i2""1 then (- %)
centralizes B, which contradicts A=Cy(B). So a=—1+i2""! and the matrix
(_% .2p) is as claimed in (xix).

Thus there is only one nonidentity automorphism of B—namely inversion—
which can be induced by Cr(Q). Since T> A4 and C(Q) is faithful on B, the proof
of (xix) is complete.

(xx) If A is of exponent 2" for r = 3, then every F~ E;, F< T has Ny(F)=(F, B).

Proof. Since [T:A]=2, [F: FN A]=2 and FNA=W. F={f, W) for some
involution f outside A; finduces the matrix given in (xix) on A4.

Np(F)={f>N,(F) since T=<{f»A. We compute N, (F). If {a, b} is our chosen
basis for A4, then a~* and % ~® normalize F since f inverts them. But

[agr—s,f] — a-ar—a(agr—a)f
=a 7 %a 'w)¥* forsomewe W
— a-gr—zwzr—a ¢R
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Also [b% 7%, f]1¢ F and [(ab)* %,f1¢ F. So N(F)=B.

Now consider the particular four-group F=<{t, W) where C;(Q)={t). By (xx),
the Sylow 2-subgroups of A(F) are four-groups. F admits BQ and so |4(F)| is
at least 12. Since |GL4(2)| =28-3-7, |A(F)| is either 22-3 or 22-3-7; the latter is
impossible since GL3(2) has no subgroups of index 2. So Ag(F)=Are(F) is of
order 12 with a normal four-group, namely, the stability group of the chain
F>W>1.

t is fused in G to an element of A—hence of W=Q,(Z(T))—by Lemma A. Let
T* be a Sylow 2-subgroup of C(¢) (and so of G) which contains F. Np.(F)={F, B*)
by (xx). So Ny-(F) induces a four-group on F, and a different four-group from that
induced by Ny (F) (since t € W*, t ¢ W). But then Ay(F)> Aro(F).

This contradiction establishes that A is of exponent 4. A=Q,(4)=C;(A4) by
(xvii), and T/4 = Aut (4).

(xxi) The subgroup of B* induced on 4 by T/A is not contained in Cg+(o)
(and hence contains [8*, o]).

Proof. Suppose the contrary; then [T, Ql=A. T=[T, Q]C(Q)=AC(Q) splits
T over A, with C(Q) elementary of order 2 or 4.

We will show that ®(T)= W by showing that all squares of elements of T lie in
W (Lemma FB of §1). For a typical element of T is cx for ¢ € C(Q), x € 4; and

(ex)® = exex = cex[x, clx = 2x?[x, c} e W

since ¢ stabilizes the chain 4> W>1 and so [x, c] € W, and also ¢2=1 and x% e W.
Therefore if ¢ is an involution of Cy(Q), <{c, W) is a normal Eg of T, con-
tradicting SCNj; (T') empty.
By (xxi), Ar(4)2[B*, ¢]. Q/C«(T) acts fixed-point-freely on the four-group of
T/A corresponding to [B*, ¢], and induces an automorphism of order 3 on the
inverse image in T of this four-group.

LeEMMA 3. Let o be a fixed but arbitrary 3-automorphism of A~ Z,x Z,. Let R be
an extension of A by [B*, o] such that o extends to an automorphism of order 3 of
R which is fixed-point-free on R/A. Then ®(R)=W, and R is of one of two
isomorphism types.

In detail, if a basis {a, b} is chosen for A, these two isomorphism types can be
described most simply as extensions of A:

Split case. R={A,e,f, h: e induces (3 3) on A (i.e., a°=a® and b*=a’b®),
finduces (3 3) on A, h induces (3 %) on A; e, f, h are all involutions and ef=h (so
that R is the semidirect product of A and {e, f, h))).

If o is taken to have the matrix (3 3) on A, then e, f, h can be chosen so that
e’ =f, f°=h, and h’ =e.

G. Higman case. R={A, e, f, h: e,f, h induce § 3), @ 3), G 1) respectively on
A; e2=b2, f2=a?h?, h®=a?; e, f, h commute with one another and represent the
three nonidentity cosets of W in the group {e, f, h), which is isomorphic to Z,x Z,;
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if o is taken to have the matrix (3- §) on A, then e, f, h can be chosen so that ¢° =f,
f°=h, h®=e, and h=e~f ~1=efa®).

Note. It is clear that R must be of the same isomorphism types no matter which
3-matrix we take for o, since all 3-automorphisms of 4 are conjugate in Aut (A4)
and so this is a matter of choice of basis in 4.

Proof. We have seen in §2 that the matrices of [B ™, o] are the same for any
choice of basisin 4, and are } 9), G 3, ¢ 2),and ¢ 2.

Take e € R such that e4 induces (3 2) on A (with respect to a basis {a, b} of 4
such that ¢ has the matrix (§ 3)). Then (e4)? induces G 3)°=¢ »EC DE I
=@ 2)on 4, and (e4)*® induces (3 2) on 4. So for any f€ (ed)’ and h € (e4)**, f
induces (3 2) on A, h induces ¢ %) on 4, and e, f, h represent the nonidentity
cosets of 4 in R.

The following information will be useful (now and later):

Ly (3 G

Fixed points € 4 w w /4
Coboundaries € 4 {a®) b2 {a%b?)
Elements of order 4 in A which are inverted aW bW abW

We now observe that RZ2=W (whence ®(R)=W by Lemma FB of §1). For
A2=W. R®< A; and each element of R which lies in a nonidentity coset of A
induces (by conjugation) an automorphism of 4 whose fixed point set is just W;
the square of such an element must lie in W.

R/W>Eg, and is fixed-point-free under o since R/4 and A/W are.

Consider the coset e4. By the coboundary data, (e4)2< W is either {1, a%} or
{b?, a®b?}. We can choose the coset representative e so that e2=1 or b2 respectively.
The element eW of R/W belongs to some irreducible o-submodule L/W of R/W,
with |L| =16 and R/W=(L/W) x (A/W). We can choose fand / so that f=e° mod W
and h=f° mod W. Then e, f, and h represent the nonidentity cosets of W in L (as
well as of 4 in R). Moreover, (eW)?=e? (since W is elementary and central);
therefore f2=(fW)?=((eW)’)2=(e?)?, and h2=(e?)"". So €2, f2, and h? are either
all 1 or are b?, a®b?, and a? respectively.

Each element of R can be written in exactly one way as e®f?a"b’w, for «, B, y, &
each equal to 0 or 1, and w € W. The isomorphism type of R is determined once we
know how to multiply two elements of this form and get a third element of this
form. We will know this once we know the commutator relations between e, f, a,
and b, and the squares (€ W) of e, f, a, and b. The hypotheses of Lemma 3, and our
choices of e, f, and h, give us all of this information except [e, f]. But L={e, f, W)
satisfies the hypotheses of Lemma 2; so L~ FE;¢ or Z,x Z,, and [e, f]=1 in either
case.
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So R has two possible isomorphism types, corresponding in our notation to
e2=1 and e%?=b2 (They differ since one contains involutions outside W and the
other does not.)

If L~E,; and we take f=e° and h=f°, then {l, e, f, h} is an irreducible o-
submodule of L, hence a four-group, and the split case of Lemma 3 holds. (h’=e
since o3=1.) '

If L~Z,x Z, (i.e., e=b?), then {e, f} is a basis for L. We can in fact choose
notation in L so that e°=f, f°=h, and h=e~'f ~1=efa?. For, all we know so far
about the action of ¢ on L is its action on W and on L/ W={W, eW, fW, hW}; now
Aut (L) has exactly four 3-elements which act as o does on W and L/W, and they
can all be obtained from each other by changes of basis in L corresponding to
similarity transformations A € the stability group of the chain L> W>1. So if we
take {e, f} as a basis for L, then for each 3-matrix M acting as prescribed on W and
L/W, there will be a basis {ew,, fw,} of L (for some w;, w, € W) with respect to
which o has the matrix M; {ew,, fw,} is the image of {e, f} under some A. Since
{ew,, fwa}={e, f} mod W, the elements ew,, fw,, a, b satisfy the same commutator-
relations and have the same squares as e, f, a, b.

So far, we have specified e, f, and 4 only up to congruence mod W; we now choose
them specifically so that o has the matrix (3 1) with respect to {e, f}. (This matrix
acts as prescribed on W and L/W.) Then e°=f, f°=h, and h=f"=e"'f "1 =efa?;
and the G. Higman case of Lemma 3 holds.

Write R/A for the subgroup of T/A corresponding to [B*, ¢]; R is then of one
of the two isomorphism types named in Lemma 3.

(xxii) If T=R then T is of G. Higman type.

Proof. The split R has normal Ejg’s.

We will now show that T must be R.

Assume T> R. Then T=C(Q)[T, Q]=C(Q)R splits T over R. For any non-
identity ¢ € C(Q), <R, ¢) is a subgroup of T containing R with index 2. Now
R/®(R) is of rank 4; so by the four-generator theorem, ®({R, ¢)) must be properly
larger than ®(R)=W. ®(T)< A4; so the only way this can happen is for [c, r] (for
some r € R) to be an element of order 4 in 4. Then [R,c] " A> W, and [R, c] is
Q-invariant; so [R, c]=A.

Since ¢%2=1, l=[c?, r]=[c, rI°[c, r], so ¢ must invert [c,r]. Now the auto-
morphisms (3 %) and (3__3) € Cs+(o) do not invert any of the elements of order 4
in A. So no ¢ can occur which induces either of these automorphisms on A.

So if T> R, then T=<R, z) where z inverts 4, z2=1, and [R, z]=A. For either
of the two R named in Lemma 3, the only way to have [R, z]=4 is for the com-
mutators [e, z], [f, z], [A, z] to be elements of order 4 in A4.

We may assume a basis in 4 has been chosen so that some generator o of
Q/C«T) has matrix (3 3) on 4, and e°=f, f°=h, h°=e as in Lemma 3. Then the
commutators [e, z], [f, z], and [A, z] are carried into one another by @, and
represent the three nonidentity cosets of W in A.
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The only involutions € zR are those of zA. For if k=e, f, or h, and x € A4, then
(zkx)? = zkx zkx = klk, z]x *kx = k[k, z]Jk mod W.

[k, zZ}€ A— W, so k[k, z]k € A— W; so (zkx)?>#1. Therefore, every involution of
zR lies in one of the four T-conjugate Eg’s (z, W), <z°, W), {z', W, and {z", W>.

Also, C(Z)=<z, Cx(z)); but z¥ is A-conjugate to each element of z*W for each
k=e,f, h, or 1, and z is conjugate to each z¥; so [R:Cy(z)]=4-4=16, hence
|Cr(2)| =4, and Cr(z)=<z, W). Hence the involutions of zR form a single T-
conjugacy class and the centralizer in T of any one of them is ~ Ej.

Also, Np((z, W))={z, Nx({z, W))>. A normalizes {z, W), and induces the
stability group of {z, W)>W>1. If Ny((z, W))> A, then k € Ny({z, W)) for
k=e,f, or h; but [z,k] ¢ W; so Ny({z, W))=A. Hence each of the four T-
conjugates F of <{z, W) has Np(F)={F, A>, and A induces the stability group of
F>W>1.

Suppose R is of G. Higman type. Then these four Eg’s are the only’ Eg’s of T,
since R contains no involutions outside W. So each Eg F of T has |4¢(F)| divisible
by 2 to the second power only, and A(F) is the stability group of the chain
F>W>1.

Take F={z, W); then TQ normalizes F, so |As(F)|=12 or 12-7 (since |GLy(2)|
=28.3.7). But 12-7 is impossible since GL; (2) has no subgroups of index 2.
Therefore A¢(F)=Aro(F) is of order 12 with a normal four-group.

By Lemma 4, z is fused into R, hence into W. So there is x € G with z* € W and
Cr(z)*=F*<T. By conjugating inside 7, we may assume F*=F. Write T* for
T**, W* for W*™'; then FST and FST*. So A4(F) contains the stability group
of F>W>1 and the stability group of F> W*> 1. These stability groups differ
since z€ W¥*, z¢ W. So Ag(F)> Aro(F), which is impossible.

Therefore R splits over A. T has several sorts of Eg’s; we will sort the Eg’s of T
(or equivalently, of G) according to the structure of their normalizers and central-
izers in T.

We first investigate the involutions of R. The involutions of 4 are the non-
identity elements of W. The involutions of eA are the elements of e and eaW;
these are carried by o into the involutions of f4 and kA, which are therefore the
elements of fW, fbW, hW, and ha™'b~*W. {e, f, h, 1} and {ea, fb, ha=*b~?, 1} are
both four-groups. So the involutions of R all lie in the two E;g’s,

X=Lefih, W); Y ={ea,fb,ha~'b"', W)

of R. X*=Ysince eced—eW;and XN Y=W.

Let s be any involution of X— W; Cr(s)= X. We show that C;(s)= X. For any
reR, X7=Y; so Ci(s)=R. If Cy(s)> X, then C(s) contains some element y of
A— W (since A/ W is incident to R/X). But s=kw for k=e, f, or h, and w € W; and
[kw, yl=Ik, y]1#1 forye A—W.
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Our information about the involutions of T now allows us to sort the Eg’s of T’
according to the structure of their normalizers and centralizers in 7. We distin-
guish three possibilities:

Style 1. FER. These F are <z, W) and its T-conjugates. Np(F)=(F, 4);
C,(F)=F.

Style 2. WS F<R. Then FEX or Y; X*=Y, so we will assume F<X.
Ny (F)=R (since each zrezR sends X to Y, and XN Y=W); F2®(R), so
Ny (F)=R.C(F)=X.

Style 3. FER, WEF. Then FS X or Y, say X. F=Kx{w) for some w € W and
some four-group K of X with K N W=1. Asin Style 2, No(F)< R. No(F)=2 C(F)= X.
If Ny(F)> X, then N;(F) contains some element y of 4 — W (since 4/W is incident
to R/X). Now K={1, ew,, fwy, hwg} for wy, wy, wg € W, and

[ews, y] = le, ), [fwa, ¥] = £, ), [Aws, y] = [, y].

For fixed y € A— W, these three commutators generate all of W. So [F, y]=F is
impossible for y € A— W. Hence Ny (F)=C(F)=X.

(xxiii) If Fis of Style 1 in T, then F cannot be of Style 2 in any Sylow 2-subgroup
T* of G with T*2 F.

Proof. If Fis of Style 2 in T*, then Np.(F)=R* is a Sylow 2-subgroup of Ng(F).
Also Ny (F)=(F, A) is a 2-subgroup of Ng(F), so by Sylow’s theorem in Ng(F),
some conjugate of {F, A) lies in R*. But {F, 4) is a split extension of 4 by an in-
volution inverting 4, and R*~ R contains no subgroups of this isomorphism type.

(xxiv) If Fis of Style 1 in T, then F cannot be of Style 3 in any T*.

Proof. By (xxiii), Np(F)={F, A) is a 2-subgroup of N(F) of largest possible
order, so is a Sylow 2-subgroup of Ng(F). If Fis of Style 3 in T*, then Np.(F)= Eyg,
and by Sylow’s theorem in Ng(F), some conjugate of Np.(F) lies in {(F, A>. But
{F, A) contains no Ey.

(xxv) zis not fused to Win G.

Proof. Suppose the contrary. Write F=Cr(z)=<{z, W). Since W is central in T,
there is x € G with z* € W and F*<T. By (xxiii) and (xxiv), F* must be of Style 1
in T; all the Eg’s of Style 1 in T are T-conjugate, so we may assume x has been
chosen so that F*=F.

Now the largest power of 2 which divides |4(F)| is 4. It follows as above (by
consideration of GLj(2)) that Ag(F)= Ayo(F). But T* induces on F the stability
group of F>W=*>1, while T induces the stability group of F> W>1. These
stability groups differ since z*e€ W, z*¢ W*. Hence Ag(F)> Aro(F), and this
contradiction proves (xxv).

z is fused into R, by Lemma A ; take x € G with z* € R. z* is not G-conjugate to
W, by (xxv). So C(z¥)=E say is an E;¢ and is a Sylow 2-subgroup of Cg(z*).
F*=Cg(z)* is a 2-subgroup of Ca(z")', so by Sylow’s theorem in Cg(z¥), there is
y € Cg(z¥) such that F**< E. But then F*¥ is of Style 2 or 3 in T, which con-
tradicts (xxiii) or (xxiv).
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This contradiction completes the proof that T=R; so by (xxii), T is of the iso-
morphism type claimed in Case 1.2 of Theorem 1. We showed at the beginning
(before starting Case 1.1) that Ng(T):Co(T)=3, 9, or 15. If 9, then S/Cs(T) con-
tains a subgroup of order 3 which centralizes W, so that Case 1.1 holds, which is
impossible. So the proof in Case 1.2 is complete.

4. The case where N;(T)=TCy(T) and the involutions of 1 are all conjugate in G.

THEOREM 2. Suppose that T is a Sylow 2-subgroup of a simple group G ; SCN; (T)
is empty but SCN,, (T) is not empty; and T# Dg. Then (Lemma 1) T has exactly one
normal four-group, say W.

Suppose Ng(T)=TC4(T) and the involutions of W are all conjugate in G.

Then one of the following holds:

Case2.l. T2 Zy\ Z, (rz2).

Case 2.2. T is the semidirect product of A~ZyxZy (r=3) by a four-group
{t, z> such that t interchanges the two members of some basis for A, and z either
inverts each element of A or raises each element of A to the power —1+27"*. -

Case 2.3. T is of order 28, and can be described as follows:

A=La)xby) =~ Z,xZ,.

R is the semidirect product of A by a four-group {1, e, f, h}, such that e, f, h have
the matrices 3 %), G 2), & ?) respectively on A (with respect to the basis {a, b} of
A).

T is the semidirect product of R by a four-group {t, z) such that: z inverts each
element of A, and [z, el=a, [z, f]1=b, [z, K]=a~'b~*; t interchanges a and b, and
[h’ t]=1a [ea t]=h, [f; t]=h

THEOREM 3 (the proof of which is part of the proof of Theorem 2). Suppose that T is
the 2-group described in Case 1.1 of Theorem 1, and G is a simple group whose
Sylow 2-subgroups are isomorphic to T. Then [Ng(T): Co(T)] must be divisible by
some odd prime (so that Case 1.1 of Theorem 1 holds in full).

Proof of Theorem 2. If W is central in T, the three involutions of W are G-
conjugate, hence are Ng(T)-conjugate by Burnside’s theorem. But this is impossible
since Ny(T)=TCT).

So Ty=C,(W) is of index 2 in T.

Write W={z,, z,»> with z; central in T. By hypothesis there is a Sylow 2-
subgroup of G in which z, is the central involution. Cg(z2)=2T,; take T* to be a
Sylow 2-subgroup of Cg(z,) (and so of G) such that T*=T,,.

T T*
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T and T* both contain T, with index 2, so both normalize T,. So in Ng(7,)/To,
T/T, and T*/T, generate a dihedral group D/T, whose order is twice an odd
number.

W=Q,(Z(T,)) is characteristic in T, so is normal in D. T induces the trans-
position (z,)(zg, z,2,) of W—{1}, while T* induces (z,)(z1, z,25); so D induces the
full symmetric group on W—{1}. So from the Sylow 3-subgroup of D/T,, we can
construct a group S/T, which is dihedral of order 2-3" for some n; S,/T, (say) is
cyclic of order 3", and S,=T,{g) where we may take g to be any element of order
3*in §; S=T<g). g permutes z,, z,, 2,2, cyclically. g® centralizes T,; for if not, g®
(being of odd order) must induce a nontrivial automorphism of T,/®(T,), but
To/®(T,) is of rank =4 by the four-generator theorem, and GL,(2) has no cyclic
subgroups of order 9.

Let To= A= W such that A4 is Abelian; 4 <! S; and 4 is maximal subject to these
conditions. A4 is of rank 2, and Q,(4)= W is cyclically permuted by g. Therefore A
is homocyclic (since otherwise 4 could admit no nontrivial 3-automorphism, as in
the proof of (i) in Case 1.1 of Theorem 1).

(i) If A=W, then T,=A4= W (and hence T~ Dg).

Proof. If To> A=W, let Z|W=Q,(Z(T,/W)). Z/W is S-invariant; and T, acts
trivially on Z/W, so the S-submodules of Z/W are submodules for S/{(T,, g3
~ 3.

If C;w(g)>1, then Cyy(g) is T-invariant, so there is a T-invariant subgroup L
of Czw(g) with [L: W]=2. Then L is S-invariant,-and Abelian since W is central
in L; this contradicts the maximality of 4= W.

So Z/W is fixed-point-free under g. Each nonidentity element generates (under
g) an irreducible module for the automorphism of order 3 induced by g. Every such
irreducible module is a four-group, so the total number of irreducible g-submodules
of Z/W is 3(|Z/W|—1), which is odd. T/T, permutes these g-submodules, hence
fixes one, say K/W. Then K< S; |K|=16, and W and K/W are both fixed-point-
free under g. By Lemma 2 (in proof of Case 1.2 of Theorem 1), K is Abelian, again
contrary to the maximality of 4= W.

By (i) and the hypothesis that 7% Dg, we musthave A > W. So B=Qy(A)x Z, x Z,.
Cr(B)=Cy,(B) so admits g. Also Cr(B) is metacyclic (Alperin [1, Corollary, p.
110]); and the only metacyclic 2-group admitting an automorphism of order 3
which acts on W as g does, is Abelian and homocyclic. So Cr(B)=A4 by the
maximality of A4.

Therefore T/A < Aut (B); since To=Cr W), Ax(B) N B+ =Ar(B) (see §2).

Now g normalizes T, so Ay, (B) (=®B*) is invariant under the 3-automorphism
of B induced by g. So A7, (B) either contains [B*, o] or is contained in Cg+(o)
(where o is any 3-automorphism of B; see §2). Thus either A, (B)=[8*, o] x X, or
Az (B)= X, for some subgroup X of Cg+(o).

Ar,(B) is also T-invariant; or equivalently, X is A-(B)-invariant. Now the same
subgroups X of Cg+(o) are T-invariant no matter which Sylow 2-subgroup of
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Aut B we choose to contain T, and in fact no matter what basis we choose for B.
These X are 1, <Z), and Cz+(0).

B
By the Frattini argument, since {(g) is a Sylow 3-subgroup of S,
S = SoNs((g>) = ToKg>Ns({g>) = ToNs({&).
But S=7(g), so Ns({g>)=Nr({g>)<{g>; so,
S = ToN:(g>)<&>-
But S=7<g> with TN {(g>=1, and T,N({g>)=T; so
T = ToN:({g)-

_(ii) If A7 (B)=[B", o], let Ry/A be the subgroup of T,/A4 corresponding to

[8B+, ¢]. Then R, 1 (T, g>=S, and
To = RCr,K&), T = RoN:( )

where both products are semidirect.

Proof. R, (T, g) since [B*, o] I Aut (Z, x Z,).

Since R,/A and A are fixed-point-free under g, so is Ry; so Ry=[R,, gl< [T, gl
But T/R, is centralized by g; therefore [Ty, g]=R,. So

T, = [T, g]CTo(<g>) = ROCT0(<g>)

T = ToNr({8)) = RoCry(<8))Nr({g>) = RoNr({g))-
And R, N C({g>)=R, N N({g)>)=1 since R, is fixed-point-free under g.
(iii) If Ap(B)< Cs+(a), then
T, = ACr ({2, T = AN({g>)

where both products are semidirect.
Proof. Since A is fixed-point-free under g, A=[A4, gl<[T,, g]. But T,/A4
<> Cy+(0), so [T, gl=A. So

T, = [To, 81Cr(K8)) = ACr({&))

T = ToN:({g)) = ACr,({g>)N1({g)>) = ANr({g)).
And 4 N Cr({g))=A4 N Nr({g>)=1 since 4 is fixed-point-free under g.
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Case 2.1. Ty=A. We show that T~ Z, | Z, (where 4 is of exponent 27). For
[T:T,]=2 = T=AN({g>) (by (iii)) where N((g)) is of order 2. Now in S/T,
T|T, inverts {g)>T,/T,; so in Aut (4), T/A must induce a transposition of the non-
identity elements of the four-group A/ (A4). This means there is ae 4 with
A={a) x<{at). Since t2=1, (a')!=a, i.e., t simply exchanges a and d'.

Case 2.2. Ty> A and A of exponent 27 for r 2 3. Each element x of T, — A induces
(by conjugation) an automorphism of 4 which restricts to a nonidentity auto-
morphism of B=Qy(4). x? € 4, so this automorphism of 4 must be of order 2.
We now show that under these conditions, certain automorphisms € 8+ cannot be
induced on B by T,/A.

Choose a basis {a, b} for A such that a?=b, b?=a~1b~! (such a basis exists
because all 3-elements of Aut (4) are conjugate in Aut (4)); take {a® *, b *}asa
basis for B. We can then write matrices with coefficients integers mod 2" for the
automorphisms of A4, and restriction to B just means reading the matrix mod 4.

(iv) Suppose 4 is of exponent 2" for r= 3, and bases for 4 and B=Q,(4) have
been chosen as above. Then no matrix of the form (°3® .Z)) can be the restriction
to B of an automorphism 6 of 4 with §2=1.

Proof. Let 6 have matrix (¢ %). Then

(1 O) _ (a ,8)2 _ (a2+ﬁy (a+8)ﬁ)
= = mod 27,
01 y & («+38)y PBy+8?

If 5 8)=(%" o) mod 4, then o, 3 are odd and B, y=2 mod 4, so that By
=4 mod 8. But the square of any odd number is =1 mod 8; so «2, §2°=1 mod 8
and o«?+By=1 mod 8 is impossible.

Assume in (v)—~(x) that T, > A4 and 4 is of exponent 2" for r= 3.

(v) [To: A1=2 and T,=<z, A) where z is an involution inverting B. T is the semi-
direct product of 4 by Ni({(g>), with N({g>)={z, t> where z centralizes g and ¢
inverts g.

Proof. [B+, o] contains the matrix (3 ) (with respect to any basis of B). So by
(iv), Ar(B)2[B*,¢]. Therefore A;(B)=Cg+(c). Now Cg+(s) contains
the matrices (; 3) and (3 %), which T/4 cannot induce on B by (iv). So A7 (B)=
{Z> (i.e., To/A inverts B). The rest of (v) follows from (iii).

(vi) The matrix of z on A4 is of the form

G R Ve
0 -1 Jj i+j

for some i, j € {0, 1}.

Proof. Let z have matrix (¢ ). z centralizes g and we have arranged that g has
matrix (-9 _1). So

0O =D e
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This is equivalent to y= —B and d=«—B. So the matrix of z is of the form
(5 )
—-B «—B

(9= (2 2 = 2 o

or equivalently,

Also

o?2—f2=1 mod?2, B? = 208 mod 2.

However, 8=0 mod 4 since z inverts B, and o is odd; so f2=2af mod 2" = $=0
mod 27~ 1. Then
1 =ae¢2—p%=0c? mod?2,

so « is one of the four square roots of 1 mod 27, namely +1,and £ 142"t a=—1
mod 4 since z inverts B; so «is —1 or —1+27"1 and (vi) is proved.
(vii) The matrix of z on 4 is

(—1 0) or (—l+2"1 0 )
0 -1 0 —142771

Proof. N;({g>)=<t, z) where ¢t inverts g and centralizes z (by (v)). Let ¢ have
matrix (¢ %). g has matrix (_? _1); so in order for ¢ to invert g, we must have

S R

This is equivalent to y= —a+8, = —« mod 2". So the matrix of ¢ is of the form

(cos -
—a+f —«
Also ¢ centralizes z, which by (vi) is equivalent to
(s )G ) =G )Ll L) oo
—a+B —af\j i+j i+j/]\—a+B —o
This gives

( ol +Bj aj+ﬁi+Bj) _ (ai+aj+/3j Bi+oj
ai+Bit+ej  Bj+ai ] \ai+Bi+Bi Bj+oaitoj

(5 )= (5 o) =2

) mod 2,

ie.,

If j=1 this requires B and « both even, in which case the matrix of ¢ is singular. So
Jj=0, and (vii) follows from (vi).
(viii) If Np((g)) is cyclic, =<¢) with t2=z, then ¢ is fused into A.
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Proof. We consider the transfer homomorphism 7: G — T/A.
Suppose z inverts 4. Then we consider the value of = at .

_ _l_cqselsTy= })( { 9. _1 . CosetsTx })
(1) = (I—[ {yty 2 with Tyi=Ty n xt%x 'mhrzfz':g A.

The xt2x~1! are involutions so lie in T, (since (7/A) —(T,/A) contain no involutions
= T—T, contains none). The yty~! are of order 4 and so do not lie in zA4 since z4
consists entirely of involutions. If no yty~! lies in 4, then =(¢)=t4 mod T,/A4
(because the number of cosets Ty with Tyt=Ty is odd), contradicting the simplicity
of G.

Suppose z raises 4 to the power —1+27~1, Only one involution of W is central
in T; assume a basis {a, b} of 4 has been chosen so that a® ~'6%" "' € W is the central
involution of 7. (The matrix of z is invariant under changes of basis in 4. This
change of basis may change the matrix (- _}) of g, but we are not going to use
g.) Write 4, b for a®*, b¥ ",

Consider the value of r at z.

7(z) = H {yzy~1: cosets Ty with Tyz = Ty}A.

The yzy~1! are involutions so lie in T,. If none lies in A4, then 7(z)=zA4, contra-
dicting the simplicity of G. So z is fused into A, hence into W. The three involutions
of W are fused together in G, so z is fused to db and there is 4 € G with z* =4b and
Ci(2)*<T.

Cr(z)=<t, W)=({t> x {db)»){d> where d centralizes b and conjugates ¢ to tdb.

t2=z, so (t")2=z"=gb. Suppose 1" ¢ A. There is one T-conjugacy-class of
elements of order 4 in T— A whose square is db, and this class is represented by
zab; so by conjugation in T we may assume " =zab. (4b)* and (4)" are involutions
s0 lie in Ty; so Cr(z)* = T,

(@b must be an involution of T, which centralizes zab and is not db=
(zab)®. We observe that z4 contains no such involutions (and therefore (db)"=
d or b). For if x € A and zx centralizes zab, then

1 = [zab, zx] = [zab, x][zab, z]*
= [z, x]lab, z] = x%a~2b~2 mod W.

But if x2=4%b%? mod W then zx is not an involution.
So (t, 4bY*={zab, W). 4" must be an involution of T, lying outside {zab, W)
(and hence € zA4), and conjugating zab to (zab)(db)*. Write 4" =zc for c € A; then
(zab)* = z%(ab)* = ¢~ 'zc(ab)?* = zc~*c(ab)?

— zcz”"l(ab)‘“”'l.

If this equals zab(db)*, which is congruent to zab mod W, then c2=(ab)? mod W.
But then ¢ ¢ G *(4) and so zc is not an involution.
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So no such 4" exists. Therefore t* € 4, and (viii) is proved.

(ix) Nrz({g>) is a four-group.

Proof. Suppose N ({g>) is cyclic. We survey the T-centralizers of the elements
of order 4in T. 4

Elements of ¢4 or tzA: the centralizer in T is of order 4 times the order of the
centralizer in A. The square of any such element inverts B and so the centralizer in
A is contained in W. Since W is not central in 7, this centralizer in A is just (db)>
(notation as in proof of (viii)). So the T-centralizer of such an element is of order §;
and in particular, C(¢)=<t, db>.

Elements of zA: the centralizer in T is of order at most 4 times | W|.

Elements of A4: the centralizer in T is A4, of order 22",

Of these three sorts of centralizers, the one of largest order is 4.

Let U be a Sylow 2-subgroup of Cg(t). By (viii) and Sylow’s theorem, U is a
conjugate of A (for A, being the only Abelian maximal subgroup of CH(W), is
characteristic in 7). By Sylow’s theorem in Cg(¢), we may choose U to contain
C.(t)=<t, 4b) = F say. Then U normalizes F.

Ny(F)={(F, d>, where a acts on F by conjugating ¢ to tdb. For Ny(F)=<t, N«(F)>,
and N,(F) consists of the elements x € A with [x, ] <{dh>. Now the map
x — x~xt is a homomorphism from A4 into itself; the kernel is C,(T)=<db>, of
order 2. N,(F) is the inverse image under this homomorphism of {4, which is of
order twice |C,(?)|, or 4. Since W normalizes F by inspection, W= N,(F).

Let T*2 R*2> U where R* is a Sylow 2-subgroup of Ng(F) and T* is a Sylow
2-subgroup of G. By Sylow’s theorem in Ng(F), we may choose R* to contain
N;(F). This may replace U by an Ng(F)-conjugate of U, but the new U will still
contain F.

T*
R* U

Np(F) ,

U=A*, and 4 € T since T*—T¢ contains no involutions. (The characteristic
subgroups A*, T¢ are to T* as A, T, are to T.) 4 does not centralize F, so
GeTy¥—U=T&— A*. So d inverts t € Qy(A*). But we have just observed that 4
does not invert z. This contradiction proves (ix).

(x) T is the semidirect product of A by the four-group Ny ({g>)=<¢, z>. A basis
of A can be chosen so that ¢ has the matrix (! 3) and z has either the matrix
(4 %)or

(—1+2f-1 0 )
0 —14271
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Proof. ¢ inverts g, so must induce a transposition of the nonidentity elements of
the four-group 4/0G *(A4). This means there is a € 4 with A=<{a) x<{a*); (a')'=a
since ¢t2=1. Take {a, a'} as basis for 4.

Case 2.3. Ty> A and A~Z,x Z,. The remarks following (i) then hold, with
B=A. In particular, (ii) or (iii) holds with B= 4.

(xi) Ar,(4)=2[B*, o] (and (ii) holds).

Proof. Suppose Ar,(4)<Cs+(o) (and hence (iii) holds). Now all of the auto-
morphisms € Cg+(o) have fixed-point-set just W; so all squares of elements of
To— A lie in W; and also A2=W. So ®(T,)= W, by Lemma FB of §1.

Now To>A = Ar(A) is either (Z) or Cg+(o). In either case there is an in-
volution z € Cr({g>) which inverts A. z is central in Ny({g)) since Z is central in
Aut(Z,xZ,). <z, W)x~Eg. [z, N;Kg))]=1, and [z, Tol<[T,, To]=W. But
T=T,N({g>); so {z, W) is a normal Eg of T, contradicting SCNj; (T") empty.

Now all Sylow 3-subgroups of Aut (4) are conjugate via [B*, o]; so by (xi),
(T, g>=S induces every 3-automorphism of 4. In particular, no matter which
basis is taken in A, the matrix (3 3) will be induced by some 3-element of S. And
(ii) holds no matter which Sylow 3-subgroup of S is taken as {g>.

(*) So, no matter which basis is taken for 4, we may assume g has been chosen to
induce (3 %) on 4, and (ii) will hold for this choice of g.

Moreover, the automorphism o induced on T, by this g will be of order exactly 3,
will preserve R,, and will act fixed-point-freely on Ry/A4 (where R,/A is the sub-
group of T,/A corresponding to [B*, o], as in (ii)). So Lemma 3 (in proof of Case
1.2 of Theorem 1) applies to R, and o. In particular, there are elements e, f, & € R,
as described in Lemma 3, with e?=f, f°=h, and h°=e. (Recall that Lemma 3 was
a method of choosing e, f, h € R, so as to satisfy the above, where ¢ is any auto-
morphism of order 3 of R, whose restriction to 4 is (3 3) with respect to a chosen
basis for A4.)

For convenience, we will write R instead of R,.

(xii) Suppose g € S has been chosen in accordance with (*) (so that we have R
as in Lemma 3). Write o for the automorphism of T, induced by g. Suppose Y is
any subgroup of T, with Y> Rand [Y: R]=2. Then Y=<y, R) for some involution
y € Cr({g>). The isomorphism type of Y is completely determined by R, the
automorphism of 4 induced by y,and[y, e](forthen [y, f1=1[y, el°, [y, h]=[y, e]’®).
Furthermore, we must have [y, el € 4, [y, e] ¢ W.

Proof. By (ii), 7o=RC;({g>) where this product is semidirect and Cr({g>)
~T,/R is elementary. So Y=(R, y) for some involution y € Cr,({g>).

To/A is elementary, so A2 P(Y)2D(R)=W. If ®(Y)=W then [Y:D(Y)]=25,
which contradicts the four-generator theorem. So ®(Y) > W; since Y is o-invariant,
@(Y) is o-invariant and so ®(Y)=A4.

Y is a split extension of R, so its isomorphism type is completely determined by
R and the action of y on R, which latter consists of the automorphism of A4 in-
duced by y and the commutators [y, el, [y, f], and (redundantly) [y, #]. Via o,
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these three commutators are determined by [y, e]. Computation of ®(Y) reveals
that ®(Y)=A if and only if [y, €] ¢ W. In detail, ®(Y) is generated by the squares
of the elements of Y. If x € 4, then [x, y] € W, and

(xy)? = xyxy = x*[y, x]y = x*[y, x]e W.

IfreR, r¢ A,
' (ry)? = ryry = [y, rl¥

= [y,r] mod W, since [y,rle A

and y stabilizes the chain 4> W>1. So ®(Y)> W if and only if [y, r] € A— W for
some r € R, r ¢ A. This is equivalent to [y, k] € A— W for k=e, f, or h; but if one
of these commutators lies in 4 — W, they all do since they are o-conjugate.

(xiii) Ar,(A)=B* is impossible. ,

Proof. If A;,(4)=%*, then no matter what basis is chosen for A, there is
y € Cr({g>) inducing (3 3) on 4. y®=1, so

1= [yz’ e] = [y’ e]u[y, e]’

and y inverts [y, e]. But by (xii), [y, e]e A—W; and (} 2) does not invert any
element of 4— W.

By (xiii), Ar,(4) is either [B*, o] or [B*, o] x{(Z). Both of these candidates
for A, (A) will yield T with SCN; (T) empty. In order to construct these T, we
will choose a basis in 4, and then take g as in (*) so that we can use Lemma 3 to
describe R.

Ar(A) is contained in some Sylow 2-subgroup of Aut (4). Since all the Sylow
2-subgroups of Aut (4) are conjugate in Aut (4), we can choose which Sylow 2-
subgroup of matrices will contain the matrix-group corresponding to Aut (4), by a
choice of basis in A4.

(xiv) We now assume our basis {a, b} in A4 is one such that the matrix-group for
Ar(A) liesin < §), B*>. (There are many such bases, and we will later refine this
choice.) ¢

@ ¥, B> centralizes (3 2) and interchanges (3 3) and (§ 2). So the
normalization (xiv) implies that in R/A, hA is centralized and e, fA interchanged
by T/A.

(xv) Suppose Np({g>)=<t, Nr,({g>)> for t an involution, and ¢ has matrix
9 1) on A. Then R must split over A4, and [A, t] € A is.of the form a*b~*.

Proof. [, t] € A since hA is central in T/4. Since t?=1,

1= [h, t2] = [ha t][h’ t]t,

and so ¢ must invert [A, ¢], which is therefore of the form a*b ¢ (for some number ).
Also

(72, t] = [h, t]"[h, 1] = (@b~ (a'b™F)
v = (ab®"(a®b)~*a*b~* = 1.
But h2=1 if R splits and a2 if not; and [a?, t]=0a%b%#1.
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Case 2.3.1. We now work out what T has to be if Ay (4)=[B"*, o], ie.,, T,=R.
Assume that a basis {a, b} of 4 has been chosen satisfying (xiv), and that g € S has
then been chosen satisfying (*), so that R is as described by Lemma 3. In con-
structing T as an extension of R, we will make further changes of basis in 4; these
changes of basis will not preserve the 3-matrix (3 3) of g, but will (essentially)
preserve relations which hold strictly within the 2-group R itself, and will also
preserve (Xiv).

By (ii), T= RN ({g>)=R{t) say, for ¢ of order 2.

(xvi) In Case 2.3.1, we may assume ¢ has the matrix (2 %) on 4.

Proof. ¢ inverts g, where g satisfies (*), i.e., the matrix of g on 4 is (3 3). So the
matrix of # is an involution € (¢ §), B*>—B*, inverting (3 3). Now<(¢ ?),8*)
— B *hasfour involutions, namely the elements of the coset (§ )< 3,3 ?));and
of these, two—namely (¢ 3) and (3 §)—invert (3 3). So the matrix of ¢ on A4 is
either ¢ 3) or § D).

If it is (§ 2), change basis in 4 by the similarity-matrix (§ 3) (this is where we
lose track of the 3-matrix). This change of basis does not alter (xiv), since
G eBt< every Sylow 2-subgroup of Aut (4). Moreover, (§ 3) centralizes
G 9, ¢ 2, and (} %), and also centralizes every square in R (namely, it
centralizes W); so the relations between e, f, h, and A4, and their squares, will read
exactly the same after this change of basis as before. Finally, ¢ will have the
matrix 3 )7'Q DG D= &) with respect to the new basis.

By (xvi), (xv) applies; therefore R splits over A4, and [h, t]=da’b~* for some
number {.

<(h, A> T and has two Eg’s, namely <h, W) and <hab, W). In order for
SCNj (T) to be empty, ¢ must exchange these two Eg’s; this means A € habW, i.e.,
[A, t]1=ab® or a®b. .

(xvii) In Case 2.3.1, we may assume [h, t]=a®bh.

Proof. If [A, t]=ab® make the change of basis a — b, b — a in A4 (i.e., transform
A by the similarity-matrix (3 §)). This does not affect (xiv), and does not change
the matrix of £ on 4. (¢ }) centralizes (3 %) and exchanges ¢ 3) and (¢ 2);soin
R, h will have the same matrix as before, and e will have the matrix f had and f will
have the matrix e had, with respect to the new basis. €2, /2, and [e, f] will read the
same after the change of basis as before, since they are equal to 1. So if after making
this change of basis, we reverse the roles of the letters e and f, we will get R again
exactly as in the statement of Lemma 3. Finally, [h, t] will appear as @3 with
respect to the new basis.

To construct T as a split extension of R, it remains only to determine [e, ¢] and
(redundantly) [f, ¢t]. We now work out what [e, ¢] and [f, ¢] are, without making
any more changes of basis.

Since T/A interchanges e4 and fA, [e, t] and [f, t] lie in hA. Write [e, t]=hx,
[f, t1=hy for x, y € A. Now ef=h, so [e, t] determines [f, ¢] as follows:

a®h = [h, 1] = [¢f, 1] = [e, V]S, t] = (hx)/(hy).
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Since 1, e, f, h form a four-group, we have
a®b = fhxfhy = exey = x°y.
We now compute [e, ¢]. Since e?=1,
1 =1[e? 1] = [e t]e, t],
so e inverts [e, t]. Similarly #2=1 = ¢ inverts [e, ¢]. The inverse of a typical element
ha*b" of hA is ha=*+2"p—"+2% If we write [e, t]=hx=ha"b®, then inversion by e
gives
(haabﬁ)e = hq-%*+28p-B+2a

h(a3)a(a2b3)ﬂ — ha -a+ 2Bb - B,
or equivalently, —B+2a= —8, so that « is even. Inversion by ¢ gives

(ha*b®)t = ha=+28p=B+2a

ha*bafb® = ha®*+2b+,

or equivalently, B+3= —a+28, a+ 1= —B+2a, or equivalently, 8=3+«, so that
B is determined by «.

So we seem to have two groups T: one with «=0 (i.e., [e, ¢]=hb%) and one with
a=2 (i.e., [e, t]1=ha®b).

But these two T are isomorphic. For if we take d=a, b=b; é=ea?, f =fb?,
h=ha?b?; i=ta2b?, then the matrices of é, f, h, f on A (with respect to {4, b} ={a, b})
are the same as those of e, f, h, t; éf=h and é, £, h are involutions; [A, f]1=1[h, t]
since a%b? is central; and

[é, £] = [ea?, ta?b?] = [ea?, t] = [e, t]a?b>.
So in Case 2.3.1,
T = (split R, t: ¢t = 1, t has matrix ( })on A;
[h, t] = a®b, e, t] = hb®, [f, t] = ha).

(Note that these relations do define a group, since the relations given between ¢
and R define an automorphism of order 2 of the group R.)

This T has SCN; (T) empty. For if not, 7 has a normal Eg, F say, containing W
(by the Lemma below). F< C(W)=T,, and projects onto exactly one nonidentity
coset of A in T,. This coset must be A4 since (ed)!=fA. But we have explicitly
arranged that no Eg< (h, 4> is normal in T.

LeMMA. If W is a normal four-group of any 2-group T, and T has a normal Eg (F
say), then T has a normal Eq containing W.

Proof. C(W) < T, contains F N W, and is of order =4 because |Aut (W)|=6.
If F2 W, then |FN W|£2, s0 |CH(W)W|2(4-4)/2=8; so Cx(W)W is a normal
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elementary subgroup of T of order =8, containing W. So there is K with Cx(W)W
2 K> W such that K T and K~ Ej.

Now suppose A7 (4)=[B*, o] x<{Z). Assume that a basis {a, b} of 4 has been
chosen satisfying (xiv), and that g € S has then been chosen satisfying (*), so that R
is as described by Lemma 3.

(xviii) If A (A)=[B*, a]x<{Z), then To=<z)R is a split extension of R by an
involution which inverts 4 and centralizes g. Moreover, we may assume (by choice
of basis in A) that [z, e]=a; and [z, f1=a°=b; [z, h]=b=a~'b"1.

Proof. The first statement follows from (ii).

Taking Y=T, in (xii), we see that [z, e]e A— W and [z, e] (together with R)
completely determines T,. Since €2 € W,

1 = [z, €3] = [z, €][z, e]°,

so e must invert [z, e]. Therefore [z, e] € aW.

Let A be one of the matrices 3 9), G 2), G 2), G %. Then A centralizes B+
and (3 %); so if we change basis in 4 by A, the matrices of e, f, A, and o will read
exactly the same after the change of basis as before. In particular, (*) still holds with
respect to the new basis, so (xii) still applies.

[z, e] will be replaced by [z, e]*. Now these matrices form a group which acts
transitively on the elements of aW; so there is a unique A such that [z, e]*=a.
Having made the change of basis {a, b} — {a®, b*} for this A, we will have

[Z’ e] = a,
[z, f]1=[z%, €] = a° =
(since the matrix of ¢ is unchanged)
[z,h] = b° = a~1b~ L.

Now T= RN({g>), where Nr({g>) is either a four-group or cyclic of order 4.

Case 2.3.2. We now work out what T has to be if Nx({(g)) is a four-group, say
{t, z) where t is an involution inverting g.

(xix) In Case 2.3.2, we may assume ¢ has the matrix (§ j) on 4.

Proof. As in (xvi), the matrix of # is either (§ 3) or (3 J);ifitis (3 J), replace ¢
by tz.

By (xix), (xv) applies; therefore R splits over 4, and [h, t]=a°b~* for some number
L. [e, t] and [f, ¢] lie in hA since T/A interchanges ed and fA; write [e, t]=hx,
[f, t1=hy; for x, y € A. (Once we determine [e, t], [f; t], and [, ], T is completely
determined.)

As in Case 2.3.1, [e, ¢] determines [f; ] once [A, t] has been chosen; for

[h, t] = [ef, t] = [e, tV[f, t] = x°»  (as in Case 2.3.1).
Writing x = a°b®, y=a’b®, this gives

ab-t = (aabﬂ)e(aybd) — asa(azba)ﬂarbb — a—-a+28+7b—ﬂ+6,

or equivalently, {= —a+28+y=8—3.
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Also, e2=1 and t2=1 = [e, t] is inverted by e and ¢. Inversion by e gives «
even, as in Case 2.3.1. Inversion by ¢ gives

(haabB)t = hq - *t28p—B+2«

ha*b~%afb® = hat+Bb-t+e,

or equivalently, —a+28={+B, —B+2a= —{+«, or equivalently, —a+B={. So
we have

%) {= —a+28+y =B—8= —a+8B.
¢)) ¥)) 3

(D)=Q3) gives

(% %) 0=B+y;

(2)=(3) gives

(%7 0= —atd.

Also, conjugation of T, by ¢ must preserve the relations a=|z, e], b=[z, f]. This
gives
b=a =[7¢]=zfx] = [z, x]lz, f¥ = [z, x] b;

so [z, x]=1, so x € W. Therefore « and 8 are even; so by (%,%), y and 8 are also
even; by (%,), { is even and

(%% %) {=—atp.
So once {=0 or 2 has been chosen, =0 or 2 determines B, y, and 8 via (%,%,) and
(%% 7)-

So we get four 7, all of which are split extensions of T, as in (xviii) (for split R)
by an involution ¢ centralizing z and having matrix (! §) on 4, and defined by the
following four sets of relations:

(1) {=2and «=2:

[A, 1] = a%b?, [e, t] = ha?, Lf; t]1 = hb>.
(2 {=2and «=0:

[h, t] = a®b?, le, t] = hb%, ~ [f, t] = ha®
(3) {=0and «=2:

[h,t] =1, [e, t] = ha®b?, [f; t]1 = ha?b®.

(4) {=0and «=0:
[h’t]= 1, [e3t]=h, [f;t]=h'
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These four sets of relations do define groups. Indeed, we will show that the four
sets are equivalent (by choosing new generators), so that they all define groups if
and only if one does, and the groups are isomorphic. And (4) is easily seen to define
a group since the relations given between ¢ and T, define an automorphism of order
2 of T,

The T of (4) has SCN; (T) empty. For if not, T has a normal Eg, F say, containing
W. FEC(W)=T, and projects onto precisely one nonidentity coset of 4 in T.
This coset is not eA, fA, or hA because the action of z prevents any such Eg from
being normal in 7. The only remaining coset of A in T, which contains involutions
is zA. For xe€ A,

(zx)* = za=*b~x" = za~b~'x mod W,
so that {zx, W)"#zx, W).
We now show that (1), (2), (3), (4) are equivalent. Consider first
tab='; é = ed f=fb% h = ha®h?;

za®. (Gd=ab=0)

f

Ny
Il

Then the restriction of ™ to T, preserves the relations defining 7. (The relations
defining T, are of the form

x* =1 (x eTy);
[x,y]=2z (x,yeTo,zeA);
ef = h.
The first two sorts of relations are automatically preserved by ™, since the com-
mutators by ~ are central involutions of T, and ~ is the identity on 4; and ef=h
is also preserved by ".)
[2, f] = [za® tab~'] = [z, tab=1]*"[a?, tab~']
= [z, ab~ ][z, t]** " *[a? t] = a®b?[z, t]a%h?
=z 1] _
[A, £] = [ha%b?, tab~1) = [h, tab=*] = [h, ab=][h, t]®**
= a?b%[h, t].
[é, £] = [ea?, tab~1] = [e, tab=1**[a?, tab~']
= [e, ab~][e, t]1***[a?, ¢]
= e~ Ya~b) eab=*(ab~*)"[e, tY(ab~V)[a?, 1]
= (a~'b)°[e, tlab~1a%b?
= [e, tl(a *b)’ab~'a?b® since [e,t]€hA and eh =f
= [e, t](ab?*b~)ab~*a?b?
= [e, t]b2
[/ 8] = [f; t]a®
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So the switch to hats gives (1) « (3), (2) « (4).
Consider next

f=ta®h?; é=ea® f=fb% h = ha?b?;

t=z (d=ab=0b)
The restriction of © to T, preserves the relations defining T, (as before).

2, 7] = [z 1].
A, 11 = [h, 11.
[é, ] = [ea?, ta®b?] = e, t]a®b>.

Lf, 1] = [f; t1a%b2.

So the switch to hats gives (1) <> (2), (3) <> (4).

Therefore all four sets of relations are equivalent.

Case 2.3.3. We now work out what T has to be if N({g)) is cyclic of order 4,
say <t) where t2=z.

(xx) In Case 2.3.3, we may assume ¢ has the matrix (¢ 3) on 4.

Proof. ¢ inverts g, where g satisfies (*), i.e., the matrix of g on 4 is"(3 %); and
t2=z; so the matrix of ¢ is an element of {( %), B*>—B* whose square is (3 3
and which inverts (§ 3). Now < %), 8*>—B* has four elements whose square
is 3 ), namely the elements of the coset ¢ 3)<EG 2, (G %)), and two of these—
namely ¢ 3) and § )G 3)—invert (3 ). If the matrix of ¢ is G )E I),
replace ¢ by zz.

(xxi) In Case 2.3.3 (assuming ¢ has the matrix (3 3) on A), [A, t] is either ab? or
as.

Proof. 2=z, and [h, z]=ab by (xviii); so

ab = [h, z] = [h, t?] = [h, t][A, t].
Also, [h, t] € A since hA is central in T/A. Writing [A, t]=a’b", we have
ab = (atbﬂ)(albn)l — a{bﬂ(a2b3)5(ab2)n —_ a3{+nb3n+3€,

so that £, 7 must satisfy 1=3¢+%, 1=3£+3%. There are two solutions, namely
n=2and {=1;7=0and £=3.

(xxii) In Case 2.3.3, R is of G. Higman type.

Proof. If R splits, then A2=1 and so h inverts [A, ¢]. But this is impossible by
(xxi), as h does not invert ab? or a®.

So T is completely determined once we determine [e, ¢}, [f; ¢], and [h, ¢]. [e, t]
and [f, t] lie in hA since T/A interchanges e4 and fA. Write [e, t]=hx=ha"b",
Lf, t1=hy=ha'b® (for x, y € A).
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As in the first two cases, [e, t] determines [f, ¢] once [A, t] has been chosen;
for h=efa?, and
[h, t] = lefa?, 1] = [ef, t1°[a% 1] = [e, tVLf; t1ab?
= (hxY()a®b? = £~ (hx)f (hy)a®b® = K=" ~x(fh) ya®h?
= h%(x°y)a®b?, since fh = e mod center of R
= b2x%y
= b2(aabﬂ)e(a'yb6) = ph2g~ot2B+rp-B+0,
In summary, the relation between [e, t], [f, t], and [A, ¢] is

(%) [A, t] = b2a—c+28+7p=8+6,

Also, t2=z and [e, z]=a"%; so
a~t =[e, z] = [e, t?] = [e, t]le, t} = (hx)(hx)'

= (hx)h[h, t]xt

= h2x"xt[h, t]

= a*(ab?®*(a*b)*(a®b®)*(ab®’[h, t];
so that
(%%) a™' = a%a~ " 8b*~8[h, t].

Also, f2=a%b?; so

1 = [a®0? t] = [f% t] = [f, Y, t] = () (hy)
= [ () f(hy)
= h?y®y, since fh = e mod center of R
= a¥(@’b®)*(a’h®) = a2a®'(ab®)’a’b’
= q2¢2,
Therefore 8 must be odd.
We now apply (%) and (%,%,). with our two values for [A, ¢]. First suppose

[#, t1=ab?; then (F,) yields
1 = —a+28+y, 0=—B+3, ie,B=23.
Thus B is odd, so 28=2 and the first equation becomes y=a—1. (%,%,) yields
0= —a—B, 2=a—p, or equivalently (since B is odd), B= —ea. So « is odd; and «
determines B, y, and 8, hence completely determines 7.
Next, suppose [A, t]=a?3; then (%,) yields

—1 = —a+28+y, 2=—B+3, ie.,B=2+8.

Thus B is odd, so 28=2 and the first equation becomes y=a+1. (7, %,) yields
2=—a—B, 0=a—pB, or equivalently (since B is odd), B=«. So « is odd; and «
determines B, y, and 8, hence completely determines 7.
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So we get four T, a]l of which are extensions of T, as in (xviii) (for nonsplitting
R) by an element ¢ with 12=z, where ¢ has matrix (} ) on 4. The T are defined by
the following four sets of relations:

(1) [, t]=ab? and a=1:

[h,t] = ab®, e, t] = hab®,  [f,t] = hb°.
(2) [h, t]1=ab? and «=3:
[h, t] = ab®,  [e,t] = ha®bh,  [f,t] = ha?b.
3) [h,t]1=a® and a=1:
[h,t] =a® e, t] = hab, [f, t] = ha®b®.
) [h,t]=a® and «=3:
[ t] =a®  [e t] = ha®b®  [f, t] = hb.

These four sets of relations do define groups. Indeed, we will show that the four
sets are equivalent (by choosing new generators), so that they all define groups if
and only if one does, and the groups are isomorphic. And (4) defines a group
because the relations given between ¢ and 7, define an automorphism of T, whose
square is the inner automorphism induced by z.

The T of (4) has SCN, (T') empty. For if not, T has a normal Eg, F say, containing
W. FSC(W)=T, and projects onto precisely one nonidentity coset of 4 in T,.
The only such coset containing involutions is z4 ; and for x € A4, {zx, W)*#{zx, W)
as in Case 2.3.2.

We now show that (1), (2), (3), (4) are equivalent. Consider first f=tab~1;
é=ea?, f=fb% h=ha®b® (d=a, b=b.) Then 2=(t)>=(tab~')?=za?. Then (as in
Case 2.3.2) the restriction of ™ to T, preserves the relations defining T,.

Computing as in Case 2.3.2, we get

[A, £] = [h, t]a%b>.
(6, £] = [e, £]6%
[/ 7] = [f, t]a®
So the switch to hats gives (1) < (3), (2) <> (4). .
Consider next i=1a%?; é=ea? f=fb? h=hah? (G=a, b=b.) Then 7=(i)?
=(ta®h?)?=z. The restriction of " to T, preserves the relations defining T,. As in
Case 2.3.2,

[, i] = [h, 1.
[6, 1] = [e, t]ab>.

[/ ] = [f, t]a®.

So the switch to hats gives (1) <> (2), (3) < (4).
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We will now show (by fusion arguments) that under our hypotheses, the groups
T obtained in Cases 2.3.1 and 2.3.3 cannot be Sylow 2-subgroups of a simple
group G. This will complete the proof of Theorem 2. We will also show that the
T of Case 2.3.1 is isomorphic to the T of Case 1.1 of Theorem 1, and indeed will
prove a stronger statement (Theorem 3) about this 7.

THEOREM 3 (PROPOSITION 2.3.1). Suppose T is the 2-group obtained in Case 2.3.1
of Theorem 2, namely:

A ={a)x<Kby ~ Z,x Z,.

R is the split extension of A by a four-group {1, e, f, h} where e, f, h have matrices
G 9,6 2,G 2 respectively on A (with respect to the basis {a, b} of A).

T={(R,t:t2=1;a =b, b = a; [h,t] = a®h, [e, t] = hb?, [f, t] = ha).

If G is a group with T as a Sylow 2-subgroup and No(T)=TCT), then G is not
simple. (In particular, this T cannot occur under the hypotheses of Theorem 2.)

Moreover, T is isomorphic to the 2-group obtained in Case 1.1 of Theorem 1.
(In particular, if G is a simple group with a Sylow 2-subgroup isomorphic to that

of _Casc)e 1.1 of Theorem 1, then necessarily [N4(T') : C¢(T)] is divisible by some odd
prime.

Proof of Theorem 3. We first list the 7-classes and the T-centralizers of the
involutions of 7, and the same for the elements of order 4.

Involutions.

{a®b?}; central in T.

{a®, b%}; Cr(a®)=Cr(b*)=R.

eW U fbW.

WU eaW.

AW U habW. Cr(e)=Ci(f)=Cr(h)=<e, f, W)= Eis.

t{ab~1> U tha?blab); Cr(t)=<t) x {hb, aby~ Z, x Q.
(ted and tfA4 contain no involutions since T'/A~ Dg with te4 and tf4 of order 4.)

Elements of order 4.

abW; Cr(ab)=t, A) of order 25.

aW U bW ; Cr(a)=A of order 2%

ebW U fabW; Cr(eb)= A, (see table for R/W below) of order 2*.

faW U eabW; Cy(fa)= A, of order 2.

haW; Cy(ha)=<A,, tab) of order 25.

hbW; Cr(hb)=<A,, t)> of order 2°,

th*ab=*) U tha?b~ab); Cr(tb?)={tb*) o {ab, hb>=~Z, o Qg of order 2.
(teA and tfA=(teA)! contain no elements of order 4. For if x € A4,

(tex)? = [t, elx*x = (hb3)~1xtex

= bhx'*x = ha2bx‘¢x.
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Now for all x € A4,
xtex € {a'a, b**by < {ab, W).

So ha?bx*x is always of order 4 since it never lies in AW U habW.
The group R/W is as follows:

eabW ebW aW eWw eaW

faw fabW bW W fow

hbw haW abWw 11/ 4 habW
A2 A1 A E Et.

The vertical columns are four-groups in R/W, whose inverse images in R we give
the names A;, Ay, A, E, E* as shown. 4,, Ay, A~Z,x Z, and are normal in T}
E, E'~F,q.

R contains three Qg x Z,’s, namely the inverse images of the horizontal boxes.
R normalizes them, and in each one it acts transitively on the four Qg’s; i.e., each
element x of order 4 is sheared onto each central involution w (i.e., there is y with
x¥=xw, or equivalently, [x, y]=w).

Suppose G is a simple group with T as a Sylow 2-subgroup and Ng(T)=TC4(T).
By Lemma A, ¢ is fused into R in G. If ¢ is not fused to W, then Cy(¢) is a Sylow
2-subgroup of Cg(?), and also some conjugate of the 7T-centralizer of an involution
of R— A is a Sylow 2-subgroup of Cg(¢). But Cy(t)~ Z, x Qg and the T-centralizers
of the involutions of R— 4 are ~ E ¢, contradicting Sylow’s theorem in Cg(¢).

So ¢ is fused to Win G.

There is d € G with t¢e W and Cr(t)?<C(t%). For if ¢ is fused to a2b?, take
d € G with t4=a2%b?; T is then a Sylow 2-subgroup of Cg(¢%). If ¢ is not fused to
a?b?, take d € G with t¢=a? (or b?); R is then a Sylow 2-subgroup of Cg(¢%). In
either case, Sylow’s theorem (in Cg(¢%)) implies that d can be adjusted by multi-
plication from Cg(2?) to have the property claimed.

Now Cr(t)=<t) x<ab, hb) has {t, a®h®) as its central four-group, and a2b?
as its square. The only involutions of T which are squares of Qg’s of T are a2, b?,
and a?b?. So (a?b?)¢ and ¢ are both € W; therefore Z(C.(t)¥)= W. This forces
C(1)? to be one of the three Qg x Z,’s of R.

Therefore in Ng(Cr(2)?), each element of order 4 is sheared onto ¢. In particular,
hb is conjugate to thb and hab? to thab®. Now thb and thab? are T-conjugate, as are
hab? and ha; so hb is G-conjugate to ha.

We now observe that there can be no fusion in G between hb, ha, and ab (thus
we have reached a contradiction and so proved Theorem 3)s For the centralizers
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in T of hb, ha, and ab are Sylow 2-subgroups of their centralizers in G. If (for
example) hb is fused to ha, there is d € G with (hb)¢=ha and C(hb)?= Cr(ha).
Cr(hb), Cr(ha) contain A,, A, as characteristic subgroups (e.g., because these are
the only Abelian subgroups of index 2), so 4%=A,. Therefore Ng(A.)?=Ng(A%)
=Ng(A4,). T¢ and T are both Sylow 2-subgroups of Ng(4,;) so there is k € Ng(4,)
with A% =A, and T%=T, i.e. dk € N(T). But Ny(T)=TCT), and A, and A,
are not conjugate in TCq(T).

We now show that T is isomorphic to the 2-group U say obtained in Case 1.1
of Theorem 1. U was given by:

W = {zy, z5).
Co(W) =W, i,j, k, x,u,v: i, j, k) >~ Qg with z, as square, and
<{x,u,v)>~ Qg Wwith z,z, as square;
i, x] = L, [j, x] = z5, [k, x] = z,
[i, u] = z5, [j,ul = 1, [k, u] = z,
[, v] = 25, [J, 0] = 2o, [k, 0] = 1.>
(We write x instead of the ¢ used in Theorem 1, to avoid confusion with the ¢ of
Case 2.3.1 of Theorem 2.)
U=<KCy(W), .7t =1;2% =z, 2§ = 2,25,
T centralizes i, j, and k;
[x, 7] = izq, [, 7] = jzo, [v, 7] = kzo).

We first show Rx Cy(W). For take i, j, k=ab, hb, hab® respectively; z, =a?b?.
X, u, v=a, eab, eb respectively; zyz,=a? (so that z,=5?). Then the relations above
for z,, z,, i, j, k, X, u, v are satisfied.

Now once we find a set {zy, z,, i, j, k, x, u, v} satisfying these relations, the set
{21, 22, 1, J, k, x~ 1, u™*, v~} also satisfies these relations (since W is elementary and
central in Cy(W)). Noting this, we take r=r. ¢ centralizes i, j, and k, and acts as
prescribed on W. And

[a=%, 1] = (ab)b?,
[(eab)™?, ] = (hb)P?,

[(ed)~*, t] = (hab?)b?,
ie.,

[x~%, 7] = iz,
[u_l’ T] = jZZa
[v=1, 7] = kz,.

Thus, the generators z, =a?bh?, z,=0%; i, j, k=ab, hb, hab?; x, u, v=a~?, (eab)~ !,
(eb)~; 7=t satisfy precisely the relations given for U.
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At this point it is easy to see that 7 is a split extension of a Qg o Dg by a four-
group (which is the way in which the Sylow 2-subgroup of the Janko-Hall and
Janko-Higman groups is usually described). For, using the notation for T obtained
in Theorem 2, Q =<ab, hb, hab®>>~ Qg with a%b? as square; D=<t, W)~ Dg; and
[D, Q]=1, D n Q=<a%?), so DQ=D - Q=H say. It is convenient to depict
H by making a table consisting of a representative for each coset of {(a2b?) in H,

as follows:

ab a b tab tab—?
hb ha®b thb tha®b
hab? ha='b? thab? tha=1b?

where the cosets consisting of involutions are the ones in boxes. These cosets
generate H.

{e,f> N H=1; and <e,f) acts on the set {z, tab~1, tha®b, tha='b?} as follows:

h:t< tab=1, tha?b < tha='b?
e: t « tha®b, tab=' <> tha='b?
fit > tha=b?%, tab=* <> tha®b.

Thus {e, > normalizes H, and T is as claimed.

PROPOSITION 2.3.3. Suppose T is the 2-group obtained in Case 2.3.3 of Theorem 2,
namely:

A=<{a)x{b)~Z,x Z,.

R={A,e,f, h: e, f, h have matrices (3 3), § 2), G 3 respectively on A (with
respect to the basis {a, b} of A); e2=>b2, f2=a?b?, h*=a?; efa®*=h; e, [, h centralize
one another).

T is the split extension of R by a cyclic group {t) of order 4, where t%2=z inverts A,
and t has the matrix 3 3) on A;

[ea t] = haabaa [f; t] = hb, [h’ t] = aa;
[e,z] = a1, [f,z] =b71, [h, z] = ab.

Suppose T is a Sylow 2-subgroup of a group G, and suppose the involutions of
W=Q,(A) are all fused together in G. Then G is not simple.

In particular, this 7 cannot occur under the hypotheses of Theorem 2.




406 ANNE MacWILLIAMS [August

Proof of Proposition 2.3.3.

(xvii) The only cosets of A in T which contain involutions are 4 and zA.

Proof. T/Riscyclic, so the involutions of T lie in Ty =<z, R)>. The only involutions
of R are those of A4; and the only involutions of zR are those of zA, since for
xe€ Aand k=e, f, or h,

(zkx)? = (zk)*x**x = [z, k]x**x mod W
= [z, k] mod W,

but [z, k] ¢ W.
(xviii) The T-classes of the elements of order 4 in T, and the orders of the 7-
centralizers of representatives, are:

Order of T-centralizer

Class of a representative
1. abW. 26
2. aW v bW. 25
3. eW VU fabW U eaW U faW. 24
4. Complement of 3. in e4 U fA. 2¢
5. hA. 2¢
6. tA U thA. 28
7. tzA U tzhA. 23

Proof. It helps to note that if xe 4 and k=1, ¢, f, or A,
(tkx)? = (tk)*x*x = t2k'kxt*x

= zktkxtx,

which is an involution if and only if k'k € A (by (xvii)). This occurs for k=1 and
k=h. The same holds if ¢ is replaced by tz=¢"1.

h and A conjugate together the elements of t4; (t4)°=thA.

(xix) The only Z,x Z,’s of T lie in R.

Proof. The only elements of order 4 with centralizers of order =16, lie in R by
(xviii).

(xx) For y € A, y of order 4, the only involutions of C(y) are those of W.

Proof. C;(y) is a union of cosets of 4, but no element of zA4 centralizes y;
statement follows from (xvii).

(xxi) If G is simple then ¢ is fused into A.

Proof. Consider the transfer homomorphism 7: G — T/R. Its value at z is

7(z) = n {yzy~1: cosets Ty with Tyz = Ty}R.

If no such yzy~? lay in R, they would all lie in zR. Since the number of cosets Ty

with Tyz==Ty is odd, we would have r(z)# 1, contradicting simplicity of G.
Therefore z is fused into Rin G. Hence there is d € G with z¢=a2b? and C(z)*<T.
The elements of T— A whose squares are a2b? are ea*h” for n odd, and fa®b" for
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£ even. These are all T-conjugate by (xviii). So if ¢ € C(z)? is not in 4, we may
assume #%=eb. ,

Cr(z)=({t> x{a?b?)){a®) where a® shears ¢ onto a®h? (i.e., t**=ta?b?, i.c.,
[t, a?]=a?b?). So in Cr(z)¢< T with t?=eb, there must be involutions x, y such that
x centralizes eb and x#(eb)®?=a?b? and y shears eb onto x and y ¢ {eb, x).
x, y € A U zA by (xvii).

But for ce A4,

[eb, zc] = [eb, c]leb, z]°
= [e, clle, z][b, z] = [e,z] mod W;

and [e, z] ¢ W.

So no element of zA centralizes eb. So x € A, and <{eb, x)=> W. But the same
calculation shows that no element of zA can shear eb onto x € W. So y € 4, hence
€ W<<eb, x); thus there is no suitable y e T.

This contradiction establishes that ¢¢ € 4, as desired.

Now suppose that G is simple. By (xxi) ,there is d € G with t¢ € A. Write

V= CT(td)d_l, Vo = Ad_l.

Then V2V, and Vo=~ Z,x Z,.

Take té=ab if possible; otherwise, take 1¢=a or b. Then by (xviii), V is a Sylow
2-subgroup of Cr(?).

Let U be a conjugate of V by an element of Cg(¢) such that U=>C.(t)
={t> x<{a%*h?*y=F say; let U, be the corresponding conjugate of V,. t e U,, and
also a?b? € Q,(U,) by (xx). Therefore F< U,; and U, normalizes F.

Ny (F)={F, a%), where a? shears t onto a2?b? (i.e., [, a®]=a?b?).

Let U,2U, be a Sylow 2-subgroup of Ng(F), and let U;2 U, be a Sylow 2-
subgroup of G.

Let T* be a suitable conjugate of U; by an element of Ny(F) so that the corre-
sponding conjugate U¥ contains Ny(F). Thus in T#, ¢ lies in a Z, x Z, (namely, the
corresponding conjugate Ug of U,) which also contains F=<t, a?b%) with index 2;
and there is an involution (namely a?) in T*—Q,(F)=T*— W* which shears ¢
onto a2b?. (Q(F)=Q,(U§)=W*; for U¢ is a Z,x Z, of T*, so U¥< R* by (xix),
hence Q,(UF)=W*.)

We now observe that no element of order 4 in T* which lies in a Z, x Z, (Y * say)
of T*, can be sheared by an involution of T* — W* onto an independent involution




408 ANNE MAcCWILLIAMS

€ Y*. (By Sylow’s theorem, this is equivalent to the same statement with the stars
removed.)

For by (xix), Y< R and so its elements of order 4 are of the form kx for x € 4
and k=1, e, f, or h. The only involutions of T— W are zc for c € 4, by (xvii).

[kx, zc] = [kx, c]lkx, z]° but [kx, z] € A, so commutes with ¢
= [k, cllk, z][x, z] = [k, c]lk, z]x*.

Ifkise,f, or h, then [k, c] and x? € W but [k, z] ¢ W, so the commutator [kx, zc] is
not an involution. If k=1, we have [x, zc]=x2 and so our element x of order 4 is
inverted by the involution zc—not sheared onto an independent involution.

This contradiction completes the proof of Proposition 2.3.3.
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